D, Introduction



6.0, Backsround

It is very well known that every plane figure
reciprocates into its dusl plane figure and every golid
figure into its dual solid figure. In the first case
reciprocation is performed wo {with respect to) a econie
in a projective plane and in the second caﬁe wo a quadric
in a projectire space of 3 dimengion B8,. Bvery point in
a plane has a polar line and every line a pole therein,
Bvery point in 8z : has a polar plane and every plsane a
pole wo a tiuadric therein, Every figure f a8 a locus
of points recipz-ocateé inte an envelope £ of the polars
of its points, and £* bael into £, The two figures ¢
and £* are therefore called reciprogal of each other,
and their reciprocity is wmutual, This method of recipro-
cation or polarity was first discovered by 'a remarkable
Frenchman, Jean Victor Poncelet (1788-1867), who fought in
Hapoleon!s Russian campaign (1812) until the Russian took
him prisoner, Being deprived of all books, he decided to
reconstruct the whole science of geometry, The result was
his epochmaking Traite des proprietes projectives des fisure
Which was first published in 1822 (Coxeter / 1_7, p.4).

We ecan define polarity wo higher plane curves (Salmon [1],

P«50) as well a8 wo surface of higher order in space

(Manden /76 _/, Room, p.136; Salmon /2 7, PP.179-180; Sempile



and Roth, pp.10=11; Todd, pp.l04-107). Polarity is also
well defined wo a triangle (Court / 1 7, pp.244-256;
Coxeter, / 1/ p.113; Todd, pp.74-76) considered as a
degenerate plane cubic, as well as wo a tetrshedron
{(Court £ 2./ pp.266-267) taken as a degenerate quartic
surface, Bub the triangle formed by the ;501&':* i;i_ms of
the vertices of a triangle and one formed of the polss
of its sides wo & given triangle are never ssme, In
other vords there exist no reciprocal triangles wo a

triangle.

There arise then a problem whether theve exist
tetrahedra reciprocal to eaéh other wo 2 tetrahedron.
The aiisw_er to this éuery forms the subject matter of this
thesis, |

0.1. Projective Coordinates

We use here the algebraic symbol of every point X
by the game letter as tmed earlier by Geonmeters 1ike
Baker (/ 1/, pp.69=74; / 2.7, pp.115-160), Coxeter (2.7,
Mandan (['1:’, VA 3_7,' £_4_7) and Room (p.5) to a great
advantage as a synthesis of the two tools of pure and al-
gebraic geometries,

In Byy any 5 points Ay (1 =0, 1, 2, 3, 4), no four
being copdanar, are always connected by a syzvay which



by proper choice of symbols may be expressed as
{0.2,0) L3 =0

Therefore no furth:r multiplication of these symbols by
any algebraic symbol iz legitimate, save by one the same
for all, We suppose that the 5 pointe not be connected by

any further sSyzyey .
The gyzygy shows that we may talte T(R) = ApA Aokg

as the tetrahedron of reference, &, as its upit polnt,
and the symbol for any other point X in 85 as

: .3
(0.1,1) X = x4hy, xCF
1=0

\:fha:_'e F is the {ield of complex numbers,

DEPINITION - 0.1, The 4 mmbers x4 are then defined

as the projective or homopencous coordinates of the point
X wo T(A) and its unit point A, and wiitten as a row

or 1 x4 pagrix
.(0'112) X = €x°, xl’. 32' 23)

determined wmiquely except for a common rultiple, That is,

EX = (x5, kxy, kx,, kxa)y kCF, represents the same point
X (Beidenberg, PP«1l41-143). The vertices of T(A) are then
Tepresented algebraically by the 4 rows of the 4 x 4



identity matrix

: ~ .
01,3 [7@)] =Tazl = [1 o o o
| & 0 1 0 0

A, 0 1

6 o

43 ] |0 1

and the point X by the product of the preceding two

matrices as
(0,1,  x=x[7@)]

Which explains the identity of its two algebraic 8yblols
(0.1.1) and (0.1,2),

0,2, Lincar Transformation,

Let T(B) be a tetrahedron other than T(A) sueh
that 1ts vertieces arc represented algebraically by the 4
Tovs of the 4 x 4 matwix

(0.2.00 [r(8)] = Ty = [Pog o1 gy bog| [ Ag]
By | b By bip by, Ay
P2l iPag by by, b, Ay
B3] by, Pa1 Pgp b 43

[r®] [zw]



wo the tetpahedron T(A) or
{0.,2,1) By = (bggs Y415 Pyos biB)

Now every point X can be vefered to T(A) as well as
to T{B) and therefore represented algsbraicdlly as

| 3 3
(0.2.2) XY = T xhy = T aipy = x' [r(e))
o
G | -1
(0.2,3) L lz@) = x[z@y = x[r) vl

[7Ca)] being the identity matrix (0.1,3) snd [T(8) ~1
the inverse matrix of [T(BY . Therefore we have

(0.2.8 (x5, x;, =y x) = (x, Xy Xgy Xg) [T(B)] -t

. |
=TEE] (ForXyr g %) Bgg Byg By, 33;‘
Boy By By By

Bog Byp' Bgp B

| Bos Bys Bpy By

Irhgre k Bi;]" is the cofactor of the clements bij in the
determinant |T(B)| of the matrixz [T(BY] .



