CHAPTER - 1

INTRODUGCTIION




Bal anced search trees are commonly used for efficient
storage and retrieval of information, These trees can be
broadly classified into two classes, viz., balanced binary
search trees and balanced multiway search trees. Balanced
binary search trees are mainly used for searching files stored
in main memory while balanced multiway search trees are mainly
used for searching large files that are stored on secondary

devices.

In the case of very large files/databases the most
realistic models are those which explicitly take account of
the fact that the largest part of the search tree resides
on a back-up storage device, from which parts of the tree are
transferred into main memory when needed, Conmon back-up
storage devices such as disks, drums and data cells have the
characteristics that they normally require a rather long
access or wait time, but once the transmission of physically
sequential data has been initiated, the data rate ig high.

In view of this it is desirable to use balanced miltiway search



trees which minimize the cost involved in processing informa-
tion from secondary devices, This is possible when the keys
are known, In such a situation, one is primarily interested
in designing efficient algorithms for constructing trees

which are optimal with respect to a suitable cost measure,

The following cost measures can be used to identify

the efficiency of a search tree:

(i) mnode-visit cost which is proportional to the
expected number of nodes visited per access,
(ii) space~cost which is proportional to the totel
mumber of internal nodes in the tree,
(iii) key~comparison cost which is proportional to the

expected mumber of comparisons of keys per access.

The first two cost measures identify the efficiencies
of trees stored on secondary devices. The last cost measure

is significant when the entire tree resides in main memory.

A balanced miltiway search tree may be constructed such
that it is optimal with respect to any one of the cost measures.
Optimal balanced multiway search trees are primarily used for
the organisation of static files where insertions and dele-

tions do not occur.

There are various classes of balanced mltiway search
trees, for e.,g., B-trees, 2-3 trees, 2-3 brother trees, height-

balanced 2-3 trees, dense multiwa{y trees,

Miller et al, _/_—1979;/- have characterized the 2-3 trees

that are optimal with respect to mode-visit cost. They have



presented a linear-time algorithm for constructing a ﬁode-visit
optimal (NVO) 2-3 tree for a sorted set of keys and have shown
that the results can be extended to B-trees. Rosenberg and
Snyder / 1978_/ have characterized the 2-3 trees that are mini-
mal in expected mumber of key comparisons per access and have
proposed a linear-time algorithm for constructing a key-
comparison optimal 2-3 tree, They have shown that the property
of key-comparison optimality is incompatible with the property
of mode-vigit optimality, It is shown that the two types of -
optimality can coexist in a 2-23 tree for only sixteen values ’
of keys mone of which exceeds 32, Rosenberg and Snyder 171981;7
have shown that the space~cost optimal (SCO0) B-trees are nearly
node-visgit optimal while the mode-visit optimal B-trees are
nearly space-pegsimal. Bitner and Huang Z7L981_7 have studied
the key-comparison optimal 2-3 trees with minimum space-cost,

A characterization theorem for these trees is proved and a
linear-time algorithm for creating such trees is presented,

It is shown that the properties of key-comparison optimaiity
and space-cptimality are not totelly incompatible, Ottmann

et al, / 1979_7/ have characterized the 1-2 brother trees that
are optimal with respect to the three cost measures and have
devised algorithms for constructing them, They have stated
that NVO and SCO 1-2 brother trees are in one sense dual to
each other since both the optimal trees have the same height
and in NVO trees the number of modes is maximized while in

8C0 trees the number of modes is minimized,
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Results mentioned above raise the following questionss

(i) Is there an NVO tree which is also SC0 ?

(ii) Is it possible to find the clasgs of balanced trees
which is the best with respect to a given cost
measure ¢

(iii) Is it possible to design a common algorithm for
constructing optimal trees with respect to a

particular cost measure ¢

The present work attempts to answer the above questions
for certain classes of balanced multiway search trees. The
trees considered are the

(1) 2-8 trees, introduced by Hoperoft /1970_/,

(i1) 2-8 brother trees, introduced by Kriegel, Vaishnavi
and Wood 17197857)
(iii) weakly dense ternary trees, introduced by Culik II,
Ottmann and Wood ZT198147,
(iv) height-balanced 2-3 trees, introduced by Vai shnavi,
Kriegel and Wood / 1979_/ and
(v) height-balanced 2-3 brother trees, introduced in

the present thesis,

Efficient algorithms are provided for constructing NVO and SCO
trees., 8ince the key-comparison cost measure is mot important
when the tree is stored on secondary devices, no attempt is made
to study this cost measure, The results of the present inves-
tigation are expected to be useful to database designers who
have to choose appropriate data structures for representation

of large static files.



The thesis is organised into seven chapters. The
present chapter, i,e,,Chapter 1, is introductory and explains

the meotivation to the work under investigation.

Chgpter 2 contains a survey of relevant literature.
The binary and meary trees are defined and a brief review of
the work on these trees is presented, A brief overview of
the various classes of balanced binary search trees and balan-
ced m~ary search trees introduced in the literature dis: dis-
cussed, The work on balanced multiway trees optimal with
respect to some cost measure, pertinent to the present work,

is described elaborately.

Chapter 3 characterizes the height-balanced (HB) 2-3
tregs that are optimal with respect to mode-visit cost in terms
of profiles that describe the structure of the tree, An NVO
HB 2-3 tree is mot always uniquely defined when the total number
of keys is specified, However, the different representations
of the optimal tree @iffer only in the total ruumber of internal
nodes at the last but one level, A linear-time algorithm for
constructing an NVO HB 2-3 tree with minimum space-cost for an
ordered set of keys is deveioped. A linear-time algorithm for
the construction of an SCO HB 2~3 tree with minimum node-visit
cost is deduced from the above algorithm, The space-costs of

the two types of optimal HB 2-3 trees are analyzed., It is
shown that the space-cost of an NVO HB 2-3 tree is at most one
plus the space~cost of an SC0 HB 2-3 tree, It is also shown
that the nmode-visit cost of an SCO HB 2-3 tree is at mogt one

plus the node-visit cost of an NVO HB 2-3 tree, These results



indicate that NVO HB 2-3 trees nearly minimize space-¢ost and

300 HB 2-3 trees nearly minimize node-visit cost,

In Chapter 4, the study of optimal HB ﬁrees is continued
with a new class of trees, called the height~balanced 2-3 bro~
ther trees., The characterization of an NVO HB 2-3 brother tree
is developed, A linear-time algorithm for constructing an NVO

HB 2-3 brother tree with minimum space-cost from an ordered set
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keys is provided. A linear-time algorithm for constructing
an SCO HB 2-3 brother tree with minimum node-visit cost is

deduced from the above algorithm, It is shown that NVO and SCO
HB 2-3 brother trees nearly minimize space-cost and node-v:isit

cost respectively.

Chapter 5 deals with optimal weakly dense ternary trees,
The weakly dense ternary trees that are optimal with respect
to node~visit cost and space-cost are defined and characterized.
Linear~-time algorithms for constructing NVO and SCO weakly
denge ternary trees from a sorted array of keys are presented,
Finally an implementation of the algorithm for determining the
detailed profile of an NVO weakly dense ternary tree is pro-

vided in Pascal.

Chapter 6 concentrates on devising a common technique
for constructing optimal 2-3 trees and 2-3 brother trees with
respect to either node-visit cost or space-cost, An algorithm
different from the one given by Miller et al, / 1979 _/ is des-
cribed for constructing an NVO 2-3 tree. It is shown that

this algorithm after a slight modification can be used for the



construetion of an WVO 2-3 brother tree, It is further shown
that the algorithm presented by Rosenberg and Snyder _['1981__7
for constructing an SCO 2-3 tree can be extended for construc-
ting an SCO 2-3 brother tree, Lastly, an implementation of
the algorithm for deterrﬁning the detailed profile of either

an NVO 2~3 tree or an NVO 2-3 brother tree is provided in Pascal,

Chapter 7 derives the relationships between 2-3 trees,
2-3 brother trees and dense ternary trees, It is shown that
a relationship, similar to the one given by olivie _,/_-1986c_7,
exists between 2-3 trees and weakly dense ternary trees, It
is proved that the space-cost of SC0 2-3 trees, 2-3 brother
trees and dense ternary trees is same, Finally the node~vigit
costs of the NVO trees discussed in the present thesis are

compared,



