INTRODUCTION

During recent years the theory of elastidity has
found a wide application in the solution of engineering
and technologiecal problems. In three dimensionsl elas=
ticity problems the solutions are available only for bodies
‘of simple shapes. Most of the knoﬁn sclutions are those of
exlsymmetrical stress distributien problems. The classical
examples are the Kelvin's problem (52) for the sphere and
Boussinesq problem (18) for a semi-infinite region bounded
by a plane. Certain problems of solids of revolution have
been considered by Michell (70), Tedone (133), Morgan
(78,79), Shapiro (110), Sneddon (115), Greenb(38)and Stern-
berg, Eubanks and Sadowsky (125,126). . Papkovich-Neuber
stress functions have recently been used for solving the
problems of equilibrium of elastic shells by Lourjs (65)
and parallelopiped bj Filonenko=3orodich (30,32). X Fau
problens of stress concentration gbout an ellipsoldal cavity
have been considered by Sternberg and Sadowsky (122;123).‘
But the general three dimensional theory of elasticity is
one of considerable analytical @ifficulty snd still lacks
methods of wide application. When one dimension of a body
can be considered as small (la:ge) in ccmparison with the
other dimensions, plate thaory or two dimensional theory
of elasticity can be used to obtain a useful information
about the stress distribution.
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Plate problems oceur vefy frequently in angineering
structures and designing. For example a varlety of problems
concerning the bendingAéf cirenlar plates is encountered in
the deslign of héilers, locomotive engines'and 5team turbings.
fome engineering applications of circular ring plates are
for diaphrams and high pressure expansion members and plate
vélves in compressors. Steel plates efkshipvhulls submitted
to the getlon ol water pressura,'cancxete and reinforced -
eoncrete slabs under the action ﬂf 1atsrai loading are other
notable examples. Thin walled structures are finding arwi&e
applicatiocn in the modern developmant of airplans structures
and thin welled tanks and containers submitted to the actlon
of internal or external pressure. |

Two dimensional biharmonic problem occurs in plate
and plane elasticity problems.  Plane problems attracted
considerable importance when it was recognised in 1907 that
the first boundary wvalue problem was completely equivalent
to the fundemental biharmonic problem. The fundauental bi-
harmonic problem 1s the problem of determining a biharmonle
funetion for given values of its &erivativas on a contour.
This problem is intimately connected with the transverse
deflesction of a clamped plate in plate theory. The analo-
gies between the plate problems and plane elasticity prob-
lens are noted by various authors. This enables the methods
daeveloped for one class of problems to be applied to the
other class. It has been noted in Muskhelishvill's book
(80) that clamped (free) plste problem corrssponds to
first (second) boundary value problem of plane elasticity.
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A general correspondence of the plste problems with the
plane problems has been discussed by Southwell (121) and in
more detail by Prager (94) recently.

Varlous methods of attack have been employed to
tackle both plate and plane problems by several investi-
gators. » v

In plane problems the wellknown cleséieal method of
&pproeeh is that of Alry stress fuﬂcﬁibn, by which strass
distribution is determined from a single function. Hany
problems have been solved by this methed in cartesian co- {
ordinates by Levy (63) and Filon (31)% elliptic caorﬁinatas';';
by Timpe (133), Coker and Filon {20)% polar coordinates by
Michell (70) and Timoshenko and Goodier (137)j bipolar co-
ordinates by Jeffery (50), Mindlin (175}, Karunes (51),
Sengupta (104) and Saleme (97). Fash (86,87) has used a
sinilar spproach to dlscuss the bending of elliptiec gnd
@lliptic ring plates loaded by edge mcgents, by.gsing ellip~
tic coordinates. Bipolar coordinates have bsen employed by
Rrieger (58) rscently to discuss the trsnsverse bending of
certain thin plates.

The method of transforms haé been uséd‘by munmbar of
investigators. The notable classical example is that of
wellknown Levy's solution (186). The advantsge here is ths
well developed theory of representation of an arbitrary
function as a Fourier series or integral. Fourier trans-
forps have been used by Jaramillo (49) to obtain the exact

solution in terms of improper integrals for the deflection
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and moments due to a transverse concentrated load acting

at an arbltrary point of an infinite centilever plate and
by Sneddon {(116,116,117) to develop solutions of s wide
class of problews for the half plene with a stralght boun=~
dary and some problems for the inflnite strip. HMellin tr-
ansforms have besn employed by Krieger (57) and Koiter (53)
for infinite sectorisl plate problems and by Iranter (129)
for wedge problems. The stress distributién inra parabolic
plate has been obtalned by Paria (92) by assuming stresses ‘
in the form of Fourier integrals. Fourier sine transforms
have been used by Fletcher and Thorne (33) to discuss the
problem of bending of thin rectangular plates Qn'elastic
foundations ahd by Deverall and Thorne {27,285 to obtain
the solutions [lor normally loaded racténgular snd ring sec=
tor plates subjected to varicus physically important edge
conditions. | o "

The method of inversion has been introduced by
Miehell (71) to ‘solve plane stress and plate problems. In
addition to the basic work by Michell, mention should be
made of the papers by Fillunger (29), Sonntag (120),
Sternberg and Zubanks (124) and Olszak (83,89,90) who ge-
neralised this method to obtain solutions of a certain
class of new yfablems. This method has been recently ap=
plied by Olszak and Mroz (913 to obtsin the solutions for
several cases of bending of eircular plates with sccentric

holese
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The solutions of boundary value problems for plane
regions of arbitrary shape and slso scolutions of certain
new types of plane problems, for example those of composite
bodies, are daveloped by means of integral equations by
Mikhlin (72,73) and Sherman (111,112,113,114).

Complex variable methods developed malnly by Xolo-
soff (54,55), Muskhelishvili (81,82,83,84), Lekhnitzky
(60,461,62) and Stevenson (127,1238) are most widely used
for plsne 2nd plate problems. Complex wvariable mothods
have been employed in one form or anéther,by Sen (98,99),
Milne-Thomson (74), Lurie (67), Green (29,40), Holgate
(46,47), Seth (108), Livens and Morris (64), Conrad (21),
Rothman (96), Tiffen (134,138) and a host of other workers.
Sen (98,99) used complex function theory end potential
thecry to develapﬁfthe maethod of dirsct determination of
stresses from the stress equations. This method has been
further developed by him (100) and Sengupta (105) and it
has been used by Sengupta (105,108) and Arkilic (3) for
solving certain particular problems. IMuskhelishvill and

taovenson have expressed the unknown bilharmonic equation,
in terms of two functlons of s complex varisble. Corres-
ponding to given boundary conditlons these functions fulfil
certain functional relations on the boundary of a given
regions The complex potentials are then determined frem
these functionsl relations. Different investigators have
solvad these functional relations for the complex poten-

tials, proceeding on independent lines. Stevenson's
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tentative method 1s to transform the functionsl equations
to curvilinear coordinates, suitable for the boundary of
the cross=section and to assume the possible fdrms of tha
aamglex putaﬂtiéls which would fiﬁ tﬁe functional relationa
for certain aefinite values of tha con»tant ccaffieients in-
volved iﬁ the cam;lax potentialse ”his methad has been ex~
tensively ussd by him (127,128) and many others. Green pro-
ceeﬁs on diff@rent 1ines to define twc fanetigns of the com=
plex variaale in such a way that the real part of one and
the imaginary part of tha ather give the edge strassas from
which he ﬂetermines the salutions with the aid of rourier
1ntegra¢s. Ha (41,42) has used this method to solve cartain
Lirst bmundary value preblaﬁs.

Tha genaral and ﬁireet mathods of obtaining the com=
Dlex p@t@ntials have baen deveiopcd by 1 %askhalishvili and
Sherman whe have uaed these mathods for solving plane prcb-
lems. - Later these methada,hava been applied to plate prob-
lems by Lekhnitzky. These meth@da have been dlscussed in
detailiin the two books by Mhskhelishvili (80,85) and also
in a book by Green and Zerna (43)a ﬁpplieations of these
msthoas are abnnﬁant in the recent literature on the subject‘

These mathoas supplemented by adﬁiﬁicnal developments
hava been employed by Winslow (144) to find the stress solu=
tions for rectangular plates. Radck (95) has used these
.mathsﬁs to deduce a general method for the solution of prob-
lems of reinforced cutouts in infinite thin sheets. Hoskin
and Radok (48) have solved the problem of,£hs root section
of swept wing by using Muskhelishvili's method. Paria (93)
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and Madan Mohan (63) have used complex function theory to
solve certsin mixed baundary value problems of plane elasti=-
city. Complex variable techniques have been employed in a
series of papers by Yu (145,146,147,148,149) to solve cer=
tain plane and plate problems. Bending of flat slabs sup-
proted by square-shaped columns, and clamped, has been dis-
‘cussed by Krieger (58) by making use of complex variable
methods. Aggarwala (1,2) has used complex function tﬁeory
and vortex analogy to calculate the shears due to a concen-
trated load and deflections due to concentrated moments
applied at particular points of rectilinear plates. Solu=
tions for a number of important boundaryrvalue problems of
thin plates have been obtsined by Buchwald and Tiffen (18),
Buchwald (17) and Gladwéli (35,36) byfuging complex variable
teehniqueé. In a recent paper adopsioh of Muskhelishvili's
mothod for clgmped rectilinear §1étas has been dlscussed by
Deverall (26). Complex variable methods have been succaess-
fully employed in a series of papers by Bassali and Dawoud
(14) and Bassali (4,5,6,7,8) for discussing the bending of
partislly and normally loaded circular plates subjected to
genetal boundary conditions which include the usual clam-
ped and simply supported cases. Bassali (9,10,11) has

also discussed the problems concerning the bending of parti-
ally ond normally loaded infinite and semi-infinite plates
by employing the same methods. Muskhelishvili's method has
been used by Tamate (131,132} to discuss the transverse
flexure of infinite and semi-infinite thin plates containing

an infinite row of equal circular holes.
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Complex variable methods have been used in the

present work which includes the solution of the following

 problems?

(1)

Stresses 1n certain thin plates rotating steadily about
an axis lying in their middle plane. The plates of
following shapes have been considered: |
(1) Curvilinear polygzonal plates, the follewing parti-
| .cular cases of which have been discussed in deteil:
a) Circular plates,  b) Dumb-bell shaped plates,
¢) Cycloidal shaped plates,
d) Gog~wheol shaped plates,

 (ii) Plotes in the shape of a eardioid.

(2)

Gravitational stress éistributian in a hesvy cyclinder

with a central hole, resting pn~a horlzental plane. The

general soluticniobéained contains the solutién for the

f@lléwing practicsl sh&?&s of the crbss-secticns of the

gylinders

a) Circular ring, : b) An elliptic ring,

ci Approximately an ellipse or an ovalold with an
ovaloidal hole, 3

- d) ﬁpy&cximately a cirele with a square hole with roun-

{(3)

ded corners.

Banding of certain thin plates by concentrated edge

couples and foreces. The problem 1nciu&es the solution‘

of seversl shapes of plates, hamely:

{i) Plates which can be wapped onto the unit circle by
polynomial type mapping functions with particular



reforence to regular polygonal plates subjected
to arbitrary‘ﬂnmber ol edge couples and forces,

" The following problems are considered in detail:

- (a) espproximately square plates subjected, respec-
tively, to two bending couples, to two twisting
couples both applied at the @ndsrof‘a diagonal
and to four concentrated forces applisd at the
four corners. |

(b) approximatsly equileteral triangular plates
subjected, respectively, to three bending cou~
- ples, to three twisting couples both applied at
the three corners and to six -concentrated forces
applied at the corners snd middle points of the
sidese. |

{11} Rectilinesr regular polygonal plates with s cen=-

tralvcircular hole subjected,‘respectively, to
two bencing couples, to two twisting couples both
applied at two opposite points of the outsr boun-
daTys. _

(1i1) Circular ring plates subjected, respectively, to
two bending couplses, to two twisting couples
both applied st the ends of a dismeter and to
four concentrated forced applied at the ends of

two perpendicular diameters.

(4) Bending of normally loaded circular ring plates. The
plates are elastically restrained at both the bounda=~

ries and are subjected to normal loading of the type
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ovar the whole plate.

Bending of certain clamﬁed thin eurvilinsar plates
normally loadsd over or along a concentric cirele.
The ecircular plate, plate bounded by an inversa of an
ellipse with respect to its centre, an inverse of an
ellipse with respect to its focus, a cardiold and a
plate clamped along two semi~infinite lines which are
the only boundaries of the plate are included as spe-

cial cases.



