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Abstract

The aim of this work is to recast the Hy, loop shaping control problems with different
design constraints in linear matrix inequality (LMI) framework. It facilitates to design
robust controller in convex optimization approach which is computationally superior and
easily solvable using available LMI solver. The H, loop shaping method is a two-steps
design procedure. In first step, the open-loop singular values are shaped in order to
meet closed-loop design specifications; whereas second step is involved with controller
synthesis that ensures robustness with respect to unstructured uncertainty of the system.
In the present work, a new method has been proposed for pre-compensator selection to
shape singular values of the open-loop plant. Subsequently, the condition number of the
pre-compensator is also minimized to reduce loop deterioration and the corresponding
problem has been formulated in LMI framework.

Exploiting the H, loop shaping control problem in parametric form, a general design
framework is obtained. However, it needs an iterative algorithm to calculate the robust
stability margin. In the present work, the parametric problem has been formulated in
LMI form that circumvents some computational difficulties of Riccati equation based
state-space approach. On the other hand, from implementation point of view, the
full-order H, loop shaping controller is disadvantageous as its order is high. Here, an
alternative method is proposed to design lower-order H, loop shaping controller in four-
block framework. To show the performance of lower order controller the method has been
applied to a physical problem, load frequency control of inter-connected power system
where robustness is achieved against load disturbances and parametric uncertainty of
the system.

Further in this work, a local stabilization problem of uncertain LTI plant has been
addressed with bounded control input constraint. It is a linear case of actuator satura-

tion problem. Later, considering saturation nonlinearity, two different techniques have



iv

been proposed to design robust controller in H, loop shaping framework. One is in
LPV approach and other has been addressed by representing the saturation problem in
equivalent Lur’e type system. In the thesis, to elucidate the effectiveness of the proposed

methods several numerical examples have been illustrated.

Key words: Hy loop shaping control, linear matriz inequality (LMI), bilinear matrix
inequality (BMI), normalized coprime factorization, static controller, Popov stability

criteria, linear parameter varying (LPV) system, load frequency control (LFC).
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CHAPTER ].

Introduction

1.1 Background and motivation

A physical system can not be modeled exactly, neither can its behavior be predicted
precisely taking into account all the exogenous signals of the plant. This limitation has
compelled the control system community to broaden the arena of classical control to
robust control theory for designing a closed-loop system that is insensitive to model
uncertainty, disturbance and noise [25] 40, 66, 91}, 106, 114]. Needless to say, there has
been a quantum jump in number of research articles on robust control theory in recent
times ([24} 27, 140} 66, 114] and references therein).

Although the analysis and synthesis tools for linear SISO plants have reached a ma-
tured stage [25], extension of these theories easily cannot be directed to multivariable
systems [27, 73, 81]. Particularly, the cross-coupling and inadequate gain-phase infor-
mation of MIMO plants create complexity in design [40, 91, 114]. To overcome these
difficulties, a formidable interest has been generated in multivariable control and several
successful design methods have been developed [27, [33) 40, 66, 73, 81, 91, 114]. Among
them, the H., synthesis is a popular and effective robust control design technique for
multivariable systems [26] 33].

In early 80’s, the concept of H, control was first proposed to provide a better de-

sign trade-off between performance and stability of the closed-loop system [113]. This
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problem is cast as an optimization problem for minimizing the H., norm of an objective
function [26, 33]. The optimality as well as applicability of this method to multivariable
systems enhance its popularity, however, its success is limited sometimes due to com-
plexity of the design and high order of the controller [40, [114]. Note that, the synthesis
of H., controller is often carried out for an augmented plant which is formed by combin-
ing nominal plant with the appropriately chosen weights [26, 33, 40, 114]. These weights
are selected on basis of the performance specifications. In selection stage, no informa-
tion is available for the performance bound. If high performance bound is obtained,
the weights are reselected and whole design process is repeated. Thus the selection of
weights in H, control is an iterative process and essentially depends on designer’s expe-
rience and intuitions [40, 114]. In late 80’s, Doyle-Glover-Khargonekar-Francis (DGKF)
[26] and Doyle-Glover [38] methods were introduced to provide some systematic steps
for Hy, controller design where some assumptions were made to avoid singularity of
the problem. In order to satisfy these assumptions, designer often requires to perform
loop-shifting and transformation that again impart some extra burden to design. In
the two design procedures mentioned above, coupled AREs are solved to synthesize a
stabilizing controller and an iterative algorithm is used for calculating the performance
bound [26, 140}, 114].

On the other hand, the LMI approach to H control leads a remarkably simplified
method for controller design [36, 49]. This technique provides a design platform where
the number of assumptions is reduced, iterative algorithm for performance bound is
bypassed and the solvability conditions are characterized by two symmetric positive-
definite matrices. These two matrices are the stabilizing solutions of two ARIs. In [60],
a correspondence has been drawn in between the DGKF method, Doyle-Glover method
and LMI approach. Interestingly, the controller structure obtained in the first two meth-
ods can similarly be derived in LMI framework [35]. In view of the above discussions,
the H,, synthesis problem comparatively becomes simpler into LMI approach and it is
numerically attractive as the solutions are obtained in convex optimization framework
[37].

Before the LMI approach was applied to H, control, a breakthrough came in robust
control theory. In early 90’s, McFarlane and Glover introduced a method, termed as H
loop shaping control by combining classical loop shaping concept with the H., synthesis
problem [64, 65]. This method shapes the open-loop singular values of the plant in
order to satisfy the closed-loop design specifications and it accounts stability margin

prior to controller synthesis. Like general H,, synthesis problem, here the weights
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are not selected in closed-loop structure (i.e., weights on error signal, control input
etc. [114]) and to find the stability margin, whole design process is not required to
perform. To obtain this value, an explicit formula has been derived in normalized
coprime factorization framework [39, 64, 65]. It reduces design efforts and distinguishes
the Hy loop shaping method from general H., synthesis problem. This method ensures
robustness of the closed-loop system against unstructured uncertainty which is described
as perturbations to normalized coprime factors of the shaped plant [39,64]. Interestingly,
this robust stabilization problem can also be formulated in an equivalent four-block Ho

framework which is similar to general Ho, synthesis problem [65].

Hence, the design philosophy of H,, loop shaping control is different from general
H, synthesis problem. Its success depends on the achieved loop shape and correspond-
ing robust stability margin, in other words, indirectly on proper weight selection [65].
Compared to multivariable plant, the weight selection is easier for SISO system and
to this end, various weight selection procedures have been reported in the literature
[1, 48, 55, 56, 61, 68, 70, 71, [109]. Specifically for weak cross-coupling, the shaping of
singular values is done by diagonal weights, however, non-diagonal weights are needed
for strongly coupled plants [70} (71, 91]. Moreover, this complexity also will increase as
the dimension of the plant is increased and essentially, a systematic method is needed
for weight selection. In H, loop shaping method, another major concern is to achieve a
good robust stability margin [64]. In this regard, no explicit relation exists between the
weights and robust stability margin and to achieve this goal, designer often depends on
classical concept and takes care of the factors which are causing for poor stability margin
[64, 65, 114]. In addition to this, an important question is also raised in McFarlane-
Glover Hy, loop shaping method concerning uncertainty structure of the plant. As the
stabilizing controller is designed in coprime factorization framework by describing the
uncertainty as perturbations to normalized coprime factors of the shaped plant, logically
a question comes: how does it ensure the robust stability against structured uncertainty
or additive or multiplicative types of uncertainty of the nominal plant? In this regard
the shaping weights play an important role and well-conditioned weights can ensure a
good robust stability margin for the aforesaid uncertainties. On the other hand, even
though controller appears in forward path of the closed-loop structure, the pre-specified
open-loop shape is desired for successful design. To fulfill this goal, the well-conditioned
weights and good robust stability margin are necessary, and thus weight selection process

needs special attention of the design.

Parametric H,, loop shaping method provides a more generalized design method-
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ology by introducing an additional free parameter. In [41], keeping the same design
structure of McFarlane-Glover method, an additional known free parameter has been
introduced in performance index to obtain a better trade-off between the sensitivity and
complementary sensitivity functions of the closed-loop system. Unfortunately, when the
free parameter is not equal to one, the parametric H., loop shaping technique needs an
iterative algorithm to calculate the performance bound [41], and hence, novelty of the
H loop shaping method is lost. In state-space approach, the necessary and sufficient
conditions for the existence of parametric Hs, loop shaping controller have been derived
in terms of stabilizing solutions of two AREs [41]. Immediately from this result, the
McFarlane-Glover H, loop shaping framework is obtained when the introduced para-
meter is set to one. Interestingly in [41], it has been shown that, the solvability condition
is only dependent on the stabilizing solution of control ARE, whereas the other ARE
gives stabilizing solution zero and jointly satisfies v constraint for H., synthesis (i.e.,
the spectral radius of the product of these two solutions is equal to zero which is al-
ways less than «). Furthermore, exploiting the disturbance feed-forward structure of the
generalized plant, an observer-based controller has also been realized and the problem
is addressed as a state-feedback problem [41, 87, [114]. This approach imparts a more
flexible design platform for H., loop shaping control. Still a formulation is needed to
avoid iterative algorithm of [41] for calculating the robust stability margin when the free

parameter is not equal to one.

On the other hand, from implementation point of view the full-order H,, loop shap-
ing controller is disadvantageous as the order of controller is high and depends on the
order of the compensated plant [65, 114]. In control system literature, an increasing in-
terest has been observed on design of a lower order controller, and most of the researchers
have concentrated on static controller design ([16, 54, 101] and references therein) or
model order reduction [40, 114]. In this context, a novel method has been reported in
[74]-[76] for designing a static output feedback H., loop shaping controller. Utilizing in-
herent structure of the H., loop shaping control, sufficient conditions have been derived
for the existence of a static controller. This method proposes effectively a reduced order
controller design technique as the final loop shaping controller is obtained by cascading
weights with the static controller [76]. Due to sufficient conditions, it is a conservative
method, however, the non-convex rank minimization problem for controller order reduc-
tion is bypassed [36]. Moreover, it is easy to implement a tractable controller as the
design constraints are posed in LMI form [14} 37]. The design has been performed in

normalized coprime factorization framework, but, it is not always straightforward when
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the input saturation [78] and pole placement [19] constraints are taken into account.
Specifically for these constraints, the equivalent four-block structure of Hy loop shap-
ing control may be the most suitable platform for robust controller design and an effort

is needed in this direction to design a static controller.

H loop shaping method presently has also been applied to different areas in control
theory like, internal model control (IMC) [22], model predictive control (MPC) [82],
controller parameters tuning [69, 95] etc. Subsequently, in control system literatures
a large volume of works can be found where this method has been applied on various
applications in different directions [3, 21, 30 31}, 50, 57, 63, 86, 92, 96), 97, 100, 115]. In
spite of a huge success over a decade, less attention has been paid to H loop shaping
control where input saturation has been taken into account. Particularly, the shaping
of singular values of the open-loop plant becomes inaccurate when the LTI plant is
subject to input saturation, and that in turn, leads to performance deterioration and
inadequate stability margin information. In literature, few anti-windup schemes and ad-
hoc methods have been adopted for H, loop shaping control to suppress the undesirable
effects of saturation [31, (78, [79, 96, 107] . Towards this objective, the observer-based
structure of the controller has also been used in some practical applications for gain
scheduling [70} 107]. However, one aspect is still not addressed so far for Hy, loop
shaping control: what will be performance and stability margin of the H, loop shaping
control when system goes into saturation? It is a non-trivial problem as saturation
non-linearity is quite difficult to realize in coprime factorization framework as well as it
becomes complex as the pre-compensator is a part of controller but not of the system.
Moreover, as system operates in nonlinear region the explicit formula used for stability
margin is no longer applicable and this method looses its novelty. To overcome these
difficulties, the modification of compensators in an adaptive way may be a remedial step
to tackle the effects of saturation in H., loop shaping control, however, it imparts a

difficult task to designer.

Related to saturation problem, an up-growing interest has been observed in recent
times on analysis of stability and performance study of LTI plant in local or global sense
[11) 18, 43, 47, [52), 59, 80, 83, 99]. When the saturation non-linearity is sector bounded,
for local stabilization problem the applications of Circle and Popov absolute stability
criteria are well-studied ([53, [72] and references therein). However, for global stability,
a nonlinear feedback law is needed for open-loop stable plant [34] and to this end, the
switching control becomes a popular design technique for closed-loop control [23] 84, 93].

The basic solution of these saturation problems lies on the theory of stability in the sense
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of Lyapunov. To prove stability, designer finds a candidate Lyapunov function which is
positive definite in a region of state-space, known as region of attraction for the equilib-
rium point, and its derivative with respect to time becomes negative definite [47, 52, 53].
On the other hand, to design controller for LTI plant with input saturation constraint,
the modeling of saturation non-linearity is essential. To this requirement, several model-
ing techniques have been reported in control system literatures where the sector bound
condition has been taken into account. Among them, the polytopic modeling, Lur’e type
system representation with dead zone nonlinearity etc. are the popular techniques in
actuator saturation control [44} 147, [52) 102} 103, 104, 108]. In connection with polytopic
modeling, some researchers have formulated the saturation control problem in linear
parameter varying (LPV) framework [17, 67, 94] where the system state-space matrices
are the affine function of some varying parameters [10, 111]. Meanwhile it has to be
noted that, the H,, loop shaping method is not new to LPV framework, but it has
already been applied to such systems [6, 30]. However, using LPV approach explicitly
the saturation problem is not yet addressed in H, loop shaping framework and to this
direction, some design scopes can be extended [4, 5 63, 88, 92, 98, [107]. On the other
hand, the Lur’e type system representation is a well-known approach in actuator satura-
tion problem. In this approach, the saturation nonlinearity is presented by a linear part
in combination with the dead zone nonlinearity. In closed-loop structure, the nonlinear
part is separated out and is connected in feedback with the remaining linear part. This
feedback arrangement is commonly known as the Lur’e type system representation and
for the stability of this type of system, the Popov absolute stability criteria is often
adopted. Interestingly, the H, loop shaping framework with input saturation nonlin-
earity can also be represented in Lur’e type system and a new design method can be

proposed.

Since long back, the researchers have devoted more time in computational aspects
of the design and their basic motive was to reduce the design complexity and time. To
this end, the LMI approach in convex optimization framework is a significant contri-
bution by the mathematicians and control system engineers. The designer quite often
formulates various design problems with LMI constraints and using some algorithms,
the problems are solved out. The interior point algorithm is one of the most popular
and efficient algorithm for solving LMI problems [14]. Interestingly, these algorithms are
readily available in some commercial software like, MATLAB and if one can formulate
design problem in LMI framework, using available LMI solvers it can easily be solved

out. Towards this objective, the concept of positive real lemma, bonded real lemma,
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passivity etc. are very essential and these can be found in some standard control system
literatures [14) 105]. In the present work, using these concepts an effort has been made
to formulate the H, loop shaping control problems with different design constraints in
LMI framework that yield some computational advantages in design. Before describing
the specific problems studied by us, we shall like to make a brief of some of the relevant

results which are already available in literatures.

1.2 Preliminaries

Relevant to this thesis, some basic materials have been presented in this section that
has been used in subsequent chapters of this thesis. Most of the materials are standard,
however, not self-contained and readers are suggested to see relevant references for de-
tails. In Chapters [4 and 6, some more preliminaries have also been included which will

be needed for those particular chapters.

Singular Value Decomposition [46]

Singular value decomposition is an important mathematical tool for multivariable sys-
tems. It helps to find gains of the system in different input-output directions. Here, for
a constant matrix, it is described as follows.

Let us consider A € R™*™. Then, there exists unitary matrices

U =[up,ug,...,up] € R™™ and V = [v1,v9,...,v,] € ™"
such that
A=UxvT (1.1)
T T Yp |0 .
where, UU* = I,, V'V = I,, Ypmxn = .k p = min(m,n) and X, =
diag(ol,ag,...,op). Also note that, o1 > 09 > --- > 0, > 0 and 01, 0, are respec-

tively the maximum and minimum singular values of matrix A. The condition number

of A is defined as c¢(A) = g—; and it is always greater or equal to 1.

Some singular value inequalities [40), 46]

Here, some singular value inequalities are presented that have been used in Chapter 2.

For proof, readers are suggested to see the above references. We consider, A and B are
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two matrices with compatible dimensions. Then,

a(A+B) < a(4)+a(B)
7(AB) < a(A)a(B)
o(A)a(B) < a(AB) <a(A)a(B)
a(A)g(B) < ao(AB) <5(A)a(B)
1 ) J———

Lo-norm [114]

The Lo-norm of a system G(s) € Lg is defined as follows:

IGIE = o [ THGT (-G = 5 fTHET (-)Geds. (12)

—0o0

Note that, ||G||2 exists if and only if, G(s) is strictly proper and has no poles on the

imaginary axis.

H,-norm [114]

The Hy optimization theory deals with the Ho-norm of a system G(s). Note that, the
H, is the subspace of functions which are analytic and bounded in the open right-half
of s-plane. The real rational subspace of Hy, is denoted by RH., that consists of all

proper, real rational stable transfer function matrices.

Consider a system G € RH, and it is driven at frequency w with a sinusoidal
input of unit magnitude. At this frequency, (G(jw)) is the largest possible size of the
output for the corresponding sinusoidal input. Thus, the Hy,-norm provides the largest
possible amplification over all frequencies of a unit sinusoidal input. In other words, the

H,,-norm of G is defined as

1Glloc = sUPRe(s)>00(G(3)) = supuena[G(jw)], (1.3)

where “sup” means the supremum or the least upper bound of the function (G (jw)).
Interestingly, ||G||oo is also called the induced norm of mapping u +— Gu where u is

the input of system and u € RHj, |lu|l2 = 1. Hence, from the induced norm concept,
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H,,-norm of G can also be defined as
IGllo := sup{||Gul|2 : v € RHa, ||ullo = 1}. (1.4)

From this definition it is clear that, if output of the system is y and G € RH,, then for
any input u with unit energy, the energy in y is bounded by ||G||oc When ¢ > 0.

Hankel norm [40, 114]

To understand the Hankel norm of a stable system G(s), one applies an input u(t) up to
t = 0 and measures the output y(t) for ¢ > 0. The Hankel norm is defined as the choice
of u(t) that maximizes the ratio of the 2-norm of these two signals. Mathematically it

can be represented as

Sy (1) || 2dr
Vo lly(mlzd | 5)

oo () [3dr

G ()l = mazyw)

The Hankel norm is like an induced norm from past input to future output. It can also

be shown that the Hankel norm is equal to

1G(s)lr = v/ p(PQ) (1.6)

where, P and @) are the controllability and observability gramian matrices. These ma-
trices are obtained as the unique positive definite solutions of the following Lyapunov
equations:

AP+ PA*+BB* =0

A*Q+QA+C*C =0

where, the minimal realization of G(s) is described by the state-space matrices (A, B, C, D).
If the degree of GG is n, the corresponding Hankel singular values are the positive square
roots of the eigenvalues of PQ), i.e., o; = \/m, 1=1,...,nwhereogy > 09 > -+ >
on > 0. Then, the Hankel norm of G denoted as ||G||g is 1. The Hankel and Ho-norms

are closely related as follows:

G =01 < (IG(s)lle <2 0. (L.7)

i=1
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Spectral factorization [33, 114]

Let us consider a square transfer function matrix G(s) that satisfies the following con-
ditions:
G(s),G(s)7t € RLo
G(—s)T =G(s) (1.8)
G(0) >0

where, the first condition indicates G(s), G(s)~! are proper and have no poles on the
imaginary axis. The second condition yields, G(s) has pole and zero symmetry about

the imaginary axis. Using spectral factorization, G(s) can be represented as follows:
G(s) = Go(—s)"Go(s) (1.9)

where, Go(s) is a spectral factor and Gy(s), Go(s)™! € RH..

Similarly, the transfer function matrix G(s) satisfying (1.8) can also be represented

as follows using co-spectral factorization.
G(s) = Go(s)Go(—s)" (1.10)

where, Go(s),Go(s)™! € RHy.

Linear Fractional Transformation [40, 114]

A wide variety of feedback arrangements can be presented in a standard form using
linear fractional transformation and it is frequently used in H,, optimization control.

In Figure [1.1), the lower LF'T structure has been shown.

Figure 1.1: Lower Linear Fractional Transformation
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The LLFT is denoted as Tuy = Fi(G, K). If |—| = |22 g2 | [ :
Yy g21 ‘ g22 U
Tow = FI(G,K) = g11 + 912K (I — g22K) ' g (1.11)

when det(I — g22K) # 0. Similarly, the upper LFT can also be defined (see references).

Note that, the plant G(s) can also be represented in state-space form

T = Az + Biw + Bou
z = Cix + Dnyw + Disu (1.12)
y = Cox + Doyw + Daou

Using the packet-matrix notation, from (1.12) we get

Al B B
G(s)=| C1| D11 Dy
Cy | Do1 Do

Small gain theorem [114]

To ensure internal stability of the closed-loop system, quite often, the small gain theorem
is used in robust control theory. It is conservative, however, simple and effective for

determining the closed-loop stability.

Figure 1.2: Closed-loop system

The small gain theorem states that, the closed-loop system shown in Figure 1.2l is
internally stable, if
d(A(jw))o(M(jw)) <1 YVweR

where A, M € RH,.
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Linear Matrix Inequality [14, 105]

An optimization problem with convex constraints can be posed in LMI framework. The

LMI is a convex constraint with the following form.

m
F(z)=F+ Y xF,>0 (1.13)

i=1
where, © = 11 2 ... 2,]7 € R™ and F; = FiT € R™*". In (1.13), x is the variable
and F;, i = 0,...,m are the fixed symmetric matrices. F(z) is an affine function of x

and (1.13) indicates the positive definiteness of the constraint. The above strict LMI
is feasible if the set {x : F(x) > 0} is nonempty and F(zx) > 0 yields nonstrict LMI
constraint. Interestingly, multiple LMIs can also be expressed in a single LMI constraint.
For example, if F;(x) > 0 for i = 1,...,n , then it equivalently can be expressed as the
following single LMI:

diag(Fy(z), Fo(x),..., Fy(x)) > 0.

Therefore, it is usual to make no distinction between a set of LMIs and a single LMI.

Interestingly, the affine function is a sufficient property to prove a constraint to be

an LMI. Note that, a function is an affine function of a variable x, if

f(x) = fo+ filz) (1.14)

where, f(x) : R — R, fo € R and f1(ca1x1 + agza) = a1 fi(x1) + asfi(zz) for all
a1, ag € R and x1, T2 € R™. Another important property of LMI is that it forms a
convex constraint on the variable. In (1.13), the set {x : F(x) > 0} is convex. Note

that, a set S is convex if for all z1, x2 € S and ¢ € [0,1], dz1 + (1 —d)za € S.

We shall discuss some standard problems that are commonly encountered in the
convex optimization framework. An LMIP is subject to find the feasible solution for a
set of convex constraints. In EVP, the maximum eigenvalue of a matrix is minimized
subject to an LMI constraint when that matrix affinely depends on a variable. The EVP

is in the following form:

Minimize A

subject to A — A(z) > 0,B(z) >0 (1.15)

where, A and B are symmetric matrices and affinely depend on the variable z. Another
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commonly encountered problem is GEVP which is quasiconvex in nature. Here, the
maximum generalized eigenvalue of a pair of matrices are minimized subject to an LMI

constraint and the general form of the problem is as follows:

Minimize A

subject to  AB(x) — A(z) > 0,B(x) > 0,C(z) >0 (1.16)

where, A, B and C are the symmetric matrices that are affinely dependent on the variable

x.

Schur complement lemma [14, 36]

This lemma converts the convex nonlinear inequality to LMI constraint. If z is the
variable, Q(z) = Q(z)”, R(x) = R(x)” and S(z) depend affinely on z, then the convex

nonlinear inequalities
R(x) > 0,Q(z) — S(z)R(z)"1S(z)T >0 (1.17)
can be expressed equivalently as

Q(x

S(x))T R(s) > 0, (1.18)

which is an LMI constraint. In other way, if (1.18) is satisfied it yields

R(z) > 0

Q(x) — S(z)R(x)"'S(z)T >0 (1.19)
or, equivalently

Qz) > 0

R(xz) — S@)TQx)"tS)T >0 (1.20)

where, Q(z)—S(z)R(x)~'S(x)” > 0and R(z)—S(z)TQ(x)~1S(x)" > 0 are respectively
the Schur complement of R(z) and Q(x). In other words, the nonlinear inequalities
(1.19) and (1.20) can be represented as the LMI (1.18]).

The matrix norm constraint || Z(z)||2 < 1 where Z(z) € $#*? and depends affinely
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on x, is represented as LMI

from the fact that A\ (Z(2)T Z(z)) < 1 implies that y* Z(z)" Z(z)y — y"y < 0 for all
y € R e, Z(x)TZ(x) < 1.

Bounded real lemma [14]

The performance and robustness issues in feedback system design can be posed as objec-
tives for certain closed-loop transfer matrices of the form |7, ||c0 < v (see (1.11)). The
bounded real lemma provides a means to establish certain conditions that are equivalent
t0 | Towl||co < . This lemma can be explained as follows:

Consider a system

t=A B
T z + u} (1.21)

y=Cx+ Du

where A € R™*" B e R"*P, C € RI*" D € RI*P and x(0) = 0. The transfer function
matrix between u to y is G = C(sI — A)"'B+ D and its Hy-norm is less than =, if and
only if, (i) (y2I — DTD) > 0 and (ii) there exists P = PT > 0 such that for stable A

(ATP+ PA+CTC)+ (PB+CTD)(v*I - DTD)"'(BTP + DTC)<0.  (1.22)
Using Schur complement lemma, (1.22) can be written as

ATpypPA+CTC PB+CTD

<0. 1.23
BTpP4+ DTC DTD — 421 (1.23)

Elimination lemma [14]

Consider the inequality
v+ UtV +vToU <0 (1.24)

where ¥ € R™ " is a given symmetric matrix; U, V are two matrices with column
dimension n, and ® is the unknown matrix with compatible dimension. There exists a

solution @, if and only if

WEOWy < 0
WEsWy < 0 (1.25)
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are hold. Wy and Wy, are respectively the two matrices whose columns are the bases of

the null spaces of U and V.

Completion lemma [14]

Let P € R™™ and Q € R™ " be two symmetric positive definite matrices. There exists
a matrix P € R2"2" whose left upper n x n block is P and Q is the left upper n x n

block of P~ if and only if,
P I

! o > 0. (1.26)

S-Procedure [14]

In optimization technique, quite often, a set of quadratic constraints are handled by
multipliers using S-procedure. There are many situations in control engineering where
several quadratic inequalities are combined into a single quadratic LMI form.

Let fo,..., fp be quadratic functions of the variable x € " and
filz) = 2T Tix + 2ulc +v;, i=0,....p
where T; = TZ-T. We consider the following conditions as:
fo(x) > 0V z such that fi(z) >0fori=1,...,p. (1.27)

Now, if there exist 7 > 0,...,7, > 0 such that Vz,

p

fo(x) = > 7ifi(x) >0, (1.28)

i=1

then (1.27) holds. Again note that, (1.28) can be written as
To uo P
0 i=1

uO (2

T;
. ] > 0. (1.29)
ul v

Now, the S procedure will be presented for the quadratic forms with strict inequalities.

Let, To, ..., T, € R™*" be symmetric matrices with following conditions:

' Tox > 0V z # 0 such that 2" Tjz >0, i=1,...,p. (1.30)
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If there exists 71, ..., 7, such that

p
TD_ZTiTi >0 (1.31)
=1

then, (1.30) holds.

Ellipsoidal inequality [14]

The ellipsoid constraints are important in LMI approach. An ellipsoid described by
eT'Plx <1, P=Pl >0 (1.32)

can be expressed in an LMI form using Schur complement lemma as follows:

1 27
> 0. (1.33)
xr P
Bilinear matrix inequality [105]
A BMI is of the following form:
F(zy)=Fo+ > zFi+ Y 4G+ Y. > ayjHi; >0 (1.34)
i=1 j=1 i=1 j=1

where G, H;; and F; are symmetric matrices with same dimension and z € R, y € R™.
When y is fixed, (1.34) is LMI in 2 and for fixed value of z, it is an LMI in y. The BMI
problem is not a convex problem. The BMIs are more difficult to handle computationally
than LMIs and normally, some iterative algorithms are used to find the solutions of BMI

problems.

1.3 Organization of the thesis
The thesis consists of seven chapters and it is organized as follows:

Chapter 2: H,, loop shaping control

In this chapter, the McFarlane-Glover H, loop shaping method has been reviewed in

detail along with design steps and weight selection procedure. Related to this method,
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both the normalized coprime factorization and its equivalent four-block synthesis frame-
works have been illustrated to depict different uncertainty structures of the plant. In
addition, some useful derivations and remarks also have been presented. Later, two
new algorithms have been proposed for pre-compensator selection to facilitate Ho loop
shaping control, where second algorithm is posed in LMI framework leading to minimize
the condition number of the designed weight. Finally, a numerical example has been

illustrated to show the effectiveness of the proposed algorithms.

Chapter 3: Parametric H,, loop shaping control

This chapter provides a general framework for H, loop shaping control from where the
McFarlane-Glover method (discussed in Chapter 2) is obtained by setting the parameter
is equal to one. Here, an effort has been made to provide the solutions of parametric
H loop shaping control in LMI framework and a correspondence has also been drawn
with the state-space method. Further, exploiting the disturbance feed-forward structure
of the problem, the observer-based H., loop shaping controller has been realized in LMI
framework. Particularly, this chapter consists of two design frameworks for parametric
H, loop shaping control, one is formulated in LMI framework and other is in Riccati
equation based state-space approach. The results of this chapter are illustrated through

a numerical example.

Chapter 4: Static H,, loop shaping control

The methods discussed so far in Chapters 2 and 3 are for designing the full-order con-
troller. This order is normally high and it is equal to the order of the compensated
plant. Implementation of such controllers for higher order compensated plant lead to
high cost, poor reliability and potential problems in maintenance. In this chapter, a
new set of sufficient conditions has been derived for the existence of a static Hy, loop
shaping controller that results to elevate the problems associated with the high order
controller. The existence of such loop-shaping controller is obtained in four-block H
synthesis framework which is equivalent to the normalized coprime factor robust stabi-
lization problem. The attractiveness of the proposed method is shown by formulating
the problem in LMI form which can efficiently be solved by using standard LMI solvers.
The effectiveness of the proposed method is elucidated through some numerical exam-
ples. At end of this chapter, a case study has been carried out for designing a robust

controller for load frequency control problem of two-area inter-connected power system.
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Using the proposed method, a static Hy, loop shaping controller for the solution of load
frequency control problem has been designed to ensure robustness against the paramet-
ric uncertainty and load disturbances of the system. The performance of the controller
has been compared with the full-order controller. Finally, to ensure performance ro-
bustness against the parametric uncertainty of the system the real p analysis has been

carried out.

Chapter 5: Local stabilization with bounded control inputs via H,, loop

shaping approach

In this chapter, the local stabilization problem of LTI plant has been addressed with
bounded control inputs. For closed-loop stability, a parametric H, loop shaping con-
troller is designed leading to maximize the region of attraction when control inputs are
bounded by pre-specified limits. The introduced parameter is computed in LMI frame-
work from design constraints to achieve a better trade-off among design objectives.
Further, this design problem has also been extended for uncertain LTI plant whose
uncertainty is described as perturbations to normalized coprime factors of the shaped
plant. By this approach, an output feedback H., loop shaping controller is designed
such that, with bounded control inputs the local stabilization is accomplished for certain
level of uncertainty of the LTI plant and subsequently, the region of attraction is also
maximized. The synthesis problems have been formulated in LMI framework. To show

the effectiveness of the proposed technique, some numerical examples are demonstrated.

Chapter 6: Robust control with input saturation: H., loop shaping approach

In this chapter, two different approaches are introduced to design robust H, loop shap-
ing controller for LTI plant with input saturation constraint. In the first method, the
shaped plant with input saturation has been represented by an equivalent polytopic LPV
system. Then, using vertex property of the polytopic LPV plant, H., loop shaping con-
trollers are designed at each vertex of the polytope, and subsequently these controllers
are scheduled by adopting certain interpolation method. The scheduled controller lo-
cally ensures robust stability and Lo-performance of the closed-loop system due to vertex
property of the polytopic LPV shaped plant. In second method, the Hy, loop shaping
framework with input saturation nonlinearity has been transformed into an equivalent
Lur’e type system. Then, Popov stability criterion has been used to design a robust con-

troller that ensures certain degree of stability margin against unstructured uncertainty
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of the plant. Finally, an example has been illustrated to show the effectiveness of the

proposed methods.

Chapter 7: Conclusions

This is the concluding chapter in which we summarize the main results of our work and

also make some suggestions regarding further studies along the lines of the present work.






CHAPTER 2

H, loop shaping control

The H, loop shaping design method is a combination of classical loop shaping concept
and H,, optimization technique that optimally establishes a balance between robust
performance and stability of the closed-loop system. The term “loop shaping” for mul-
tivariable system refers to singular value shaping of the open-loop plant which is needed
in order to meet closed-loop design specifications. Quite often, this method is also called
as McFarlane-Glover H, loop shaping method. Here, the controller is designed to en-
sure robust stability against the normalized coprime factor uncertainty description of
the shaped plant. In this chapter, the H,, loop shaping method has been revisited and
related to this method, some useful remarks and derivations are presented. Mainly, the

focus is paid on weighting functions selection and its role to H., loop shaping control.

2.1 Introduction

The loop shaping technique is an old and well established method in linear control theory
[25]. This method imparts robustness to closed-loop system by appropriately choosing
the loop gain in different frequency regions, however, it needs uncertainty information
and precise performance specifications of the system. The uncertainty description is
often introduced in the plant model in terms of its upper bound, whereas disturbance
attenuation, speed of response, percentage of overshoot, bandwidth etc. are normally

dictated as performance specifications for the closed-loop system [25 114]. Based on
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these requirements, a desired loop shape is chosen to which a stable, minimum phase
proper rational transfer function is fitted and from there, a stabilizing controller is

obtained.

In robust control theory, the closed-loop system is designed to ensure a pre-specified
level of performance and stability of the system irrespective of uncertainty and exoge-
nous signals (disturbance, noise) of the plant [114]. In this design framework, always a
fundamental trade-off is demanded between robustness and performance of the system
and to fulfill it, a performance index is optimized. This index is involved with some
weight functions which are selected on the basis of uncertainty, sensitivity and comple-
mentary sensitivity functions of the desired closed-loop system. Sometimes, depending
on design requirements weights are also selected for measured output signal, error signal,
control input signal etc [25, 40, 114]. In terms of these weight functions, the loop gain
bounds are calculated in different frequency region that satisfies some robustness condi-
tions. This frequency region is divided into three parts (see Figure 2.1). In first region
i.e., in lower range, the loop gain bound is high (for good tracking and disturbance re-
jection); whereas in high frequency range loop gain is low (for noise suppression) and in
intermediate frequencies, loop-gain typically controls the gain and phase margins. How-
ever in intermediate region, the roll-off rate and bandwidth are kept within a specified
limit to obtain desirable shapes for sensitivity and complementary sensitivity transfer
functions of the closed-loop system. Based on these concepts, a desired loop shape is
chosen such that it satisfies all conditions in the whole frequency range and finally, a

stabilizing robust controller is obtained.

To illustrate the preceding method, a SISO nominal plant G is considered with
multiplicative model uncertainty A such that the number of right hand side poles of
both the nominal and perturbed plants is same [25]. This model uncertainty arises
due to inevitable discrepancy between the true plant and its model. The main role
of controller is to achieve an acceptable trade-off between performance (tracking or
regulation) and robustness to plant uncertainty. Here, two weight functions Wa and

W, are selected satisfying
[AGw)| < [Wa(jw)| and [Wy(jw)S(jw)lle <1,

where S is the sensitivity function of the desired closed-loop system. The term weighted
sensitivity function W), (jw)S(jw) can be made small at low frequencies with a high loop

gain, yielding good tracking and disturbance rejection performance. On the other hand,
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the uncertain system is robustly stable if the complementary sensitivity function T'(jw)

satisfies the following bound
IWa(Gu)T(jw)llee <1,

where Wa (jw) is the weight function bounding the plant uncertainty. Meanwhile it is

noted that, T' is the complementary sensitivity function that satisfies
S+T=1.
Hence for robust performance, the condition
N[WAT| 4+ |WpS||lee < 1 (2.1)
must be satisfied and in low frequency range,
[Wy(jw)| > 1 and |S(jw)| < 1.

Since, |S(jw)| = \m] where L(jw) is the loop transfer function, at low frequency

range loop gain |L(jw)| > 1. Hence,

| 1 | L(jw)
S(jw)| ~ : and |T(jw :"z
1S(jw) LGo)] T (jw)| 5 L)
Now, the condition (2.1) can be simplified as
: (Wp(jw)|
(Wa(iw)l + = <1 (2.2)
| L(jw)|

from where, the loop gain bound is obtained as follows:

: [Wp(jw)|
L(jw)| > ————+—. 2.3)
N> TG |
Similarly, at high frequency range the loop gain bound can be expressed as |L(jw)| <
%. Note that, these bounds are the function of weights from where, a desired

loop shape can be selected as shown in Figure 2.1l
The loop shaping method discussed above is quite easier for SISO system. Whereas
for MIMO case, it becomes complex as loop gain is specified by its singular values (in

lower frequency range, minimum singular value of the loop transfer function matrix
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Figure 2.1: Loop gain bounds

must be grater than the specified bound and in higher frequency range, the maximum
singular value will be less than the specified bound); precise information regarding gain
and phase margin can not be obtained (like SISO plant) and the cross-coupling makes
the weight selection difficult for design [91]. Moreover for MIMO system, some extra
attentions also have to be taken to ensure the selected weight is stable and minimum
phase. Keeping all these factors in mind, the graphical loop shaping method for SISO
system has been extended to MIMO system, however, comparatively an easier loop shap-
ing method can be obtained in H, framework to provide an optimal trade-off between
performance and robustness of the system [26, 114]. In H., synthesis, a weighted mixed
sensitivity minimization problem is solved to design a stabilizing controller. However
in this structure, some difficulties still exist for weight selection and in performance
bound (7) calculation. In H, synthesis, the selected weights are not appropriate until
a good performance bound is obtained and to know it, whole design process has to be
completed that in result, provides extra burden to designer and makes the weight selec-
tion procedure iterative in nature. It is well-known that the additive or multiplicative
type of uncertainty described in the form of a stable rational transfer function indicates
perturbation to the nominal plant model. However, it may not be always true for real
system and in this context, coprime factor uncertainty description of the system is the

most general presentation for unstructured uncertain system.
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The Hy loop shaping method proposed by McFarlane-Glover is a sensible and
promising method for designing robust controller [65]. This method combines classical
loop shaping concept with robust stabilization problem and ensures closed-loop stability
against the uncertainty of normalized coprime factors of the shaped plant. This method
effectively is a two-stage controller design technique where in the first stage, open-loop
singular values are shaped with frequency dependent weights according to closed-loop
objectives are addressed. The function of second stage is the robust stabilization of the
shaped-plant with regard to coprime factor uncertainty using H., optimization method.
Unfortunately in MIMO system, still designer gets stumbling situation for selecting the
proper weights, however, the experience and intuition can reduce the difficulty. In Hy
loop shaping method, weights that shape open-loop singular values of the nominal plant,
effectively meets closed-loop design specifications such as stability, good performance
and certain robustness and accounts stability margin prior to controller synthesis.

In [64}65], McFarlane and Glover illustrated the design philosophy of H, loop shap-
ing control. They have pointed out some typical aspects of the design and, some useful
and important derivations also have been developed leading to establish the relations
between weights, stability margin, nominal plant and controller (no explicit relation
between the weights and stability margin!). Moreover, some guidelines of classical loop
shaping control, a prerequisite for weight selection also have been discussed. In time
of weight selection, designer often takes care of the factors like, right hand side poles
and zeros, roll-off rate at cross-over frequency and pole-zero cancelation etc. These
factors restrict system performances and also affect robust stability margin. A detail
discussion on these aspects can be found in [40, 91, 114]. Moreover, it also has to be
noted that, in H, loop shaping framework the controller synthesis is greatly affected by
condition number of the selected weights. It is concerned with loop deterioration and

for well-conditioned weights, the deterioration is less [65].

In this method, the success of design hence depends on achieved loop shape and cor-
responding robust stability margin, in other words, indirectly on proper weight selection.
For the system with weak cross-coupling, the singular value shaping can be done with
diagonal weights, however, non-diagonal weights are needed for strongly coupled plant.
Moreover, the complexity increases as dimension of the system increases and essentially,
a systematic method is needed for weight selection. It can be seen in literature that,
SVD is a mathematical tool that frequently has been adopted for selecting the proper
weights in Hy, loop shaping control [55, [71]. Some additional constraints also have been

imposed in weight selection algorithm in order to tackle the other design parameters,
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as a result, a simultaneous weight selection framework is obtained that maximizes the
robust stability margin.

In control system literatures, a number of systematic procedures can be found for
weight selection to facilitate the H, loop shaping control. Hyde proposed a technique
for shaping the singular values of the scaled plant by reordering the inputs and outputs
[48]. By reordering, the scaled plant is made diagonal as close as possible and from
input-output plots, weights are selected. It needs design experience and is good for
weakly-coupled plant. In [109], authors have considered weights as design parameters
and have used the method of inequalities to select the weight functions. In their work, a
two degree-of-freedom H, loop shaping controller has been designed using an additional
pre-compensator that is connected to the reference input. The weights are with specific
form and order, and designed technique leads an optimization framework to maximize
the robust stability margin of the system.

Papegeorgiou and Glover proposed a systematic method for weight selection using
SVD approach by which non-diagonal weights can be designed [71]. This technique
needs a diagonal TFM that gives desired shape of singular values by cascading with the
nominal plant. Within the selected frequency range, SVD is carried out and ordering of
singular values is maintained. This method does not consider stability margin in weight
selection process. On the other hand, to maximize the robust stability margin, in [55]
a simultaneous weight selection procedure in linear matrix inequality framework has
been proposed. In this algorithm, two additional constraints are imposed to restrict the
condition number of the weights. In [68], Nobakhti and Munro have presented a method
for shaping the singular values of the multivariable plant that can be applied to Ho
loop shaping control. Using the concept of Gershgorin disc, the method first selects a
compensator to diagonalize the nominal plant and then, an additional diagonal weighting
matrix is selected to achieve the desired loop shape. Another weight selection method
has been proposed in [61] using hierarchical micro-genetic algorithm that manipulates
the loop-shaping weighting function matrices in pursuit of the satisfaction of problem
requirements. This method also provides a simultaneous optimization framework to
maximize the robust stability margin. In [78], a method has been proposed for selecting
the weights in presence of input saturation constraint. When control input is high and
crosses saturation limit, gain of the weight is adjusted in an ad-hoc manner.

In literatures, although a large number of procedures are available for selecting the
proper compensators for H., loop shaping method, nowhere the condition number min-

imization issue is addressed to reduce the loop deterioration in presence of controller.
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In this chapter, exploiting the matrix perturbation technique, a new method has been
proposed for pre-compensator selection to facilitate the H,, loop shaping control. The
work presented in [1] is extended with a view to develop two different algorithms that
are useful to design pre-compensator for solution of H., loop shaping control problem.
More precisely, the second algorithm is formulated in LMI framework to minimize the
condition number of the pre-compensator that in turn, significantly improves the loop
properties.

The rest of the chapter is organized as follows. In Section 2.2), the design steps for Hyo
loop shaping control has been demonstrated. Section 2.3 describes the role of weight
functions to this design method and some useful remarks have been given in Section
2.4. In Section 2.5, a new method has been proposed for weight selection followed by a
numerical example which is illustrated in Section 2.6. Finally, the concluding remarks

are drawn in Section 2.7,

2.2 Design steps for H, loop shaping control

Figure 2.2: McFarlane-Glover Hy, loop shaping method [65]

In this section, a brief outline has been presented for McFarlane-Glover H,, loop
shaping method. The method essentially is a two-steps design procedure: first step is
involved with loop shaping and second step includes the robust stabilization problem
[65, 64].

In the H, loop shaping design procedure, the attainment of performance specifi-
cation depends on the selection of the weighting function matrices. In Figure 2.2, the
shaped plant for H,, loop shaping control has been depicted where G, Wy and W7 are

respectively the nominal plant, selected post and pre-compensator. Combining these
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compensators with nominal plant, the shaped plant is obtained, i.e., Gg = WoGWj3.
The selection of both pre and post weighting function matrices are, therefore, the key
element in attaining the performance requirements of the system and is the main point
of this design technique. In normalized left coprime factorization framework, Gg is fac-
torized as M ~'N where M, N € RH., and satisfies M M* + NN* = I. It helps to find

the robust stability margin explicitly by using the non-iterative expression:

= (1= ][ ¥ ][3) @

where, €4, is the maximum robust stability margin of the closed-loop system. If
€maz > 0.2 (considered good, based on theory and practical experience), the design

cycle proceeds, otherwise, weights are reselected [65].

Gy
+ —
Ay Ay
‘ i 3
7y N E: Mol P22
K_

Figure 2.3: Robust stabilization problem in normalized left coprime factoriza-
tion framework [65]

In second step, the stabilizing H, controller K, is synthesized for the shaped plant
(s describing the uncertainty as perturbations to normalized coprime factors of the
shaped plant as shown in Figure 2.3/ (here, it is shown for NLCF). G, = (M + Ap)~?
(N 4+ Ap) is the perturbed plant with unstructured uncertainties Ay; and Ay. The
motive behind the robust stabilization is to stabilize not only the nominal plant G, but

also a family of perturbed plant G),. The robust stabilizing controller K, is designed

such that
K
I

[ An Ay } HOO < € is ensured where 0 < € < €,,4;. Finally,

(I —GsKy) ' M7 <

a |

inf =7 (2.5)

Koostabilizing

o

is satisfied, in other way,

the loop shaping controller is obtained by combining the weighting fuctions Wi and Ws
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with K such that, it becomes W K, W5 as shown in Figure 2.2l

This design philosophy is different from general H., synthesis problem. Here, the
robust stability margin is the design indicator and it is calculated prior to controller
synthesis using the relation (2.4). Although, (2.4) depicts an explicit relation between
the robust stability margin and shaped plant, it can not give any quantitative measure

for stability margin that explicitly depends on the selected weights [64) 65].

2.3 Role of weight functions

In this section, the emphasis is given on weight functions and its role to H., loop
shaping control. First, the compatibility of the selected loop shape is considered. The
word ‘compatible’ yields a successful design correspond to the shaped plant that gives
good robust stability margin with considerable loop deterioration. Interestingly, it has
been observed that the degradation of desired loop shape occurs due to poor stability
margin and large condition number of the weights. To illustrate the deterioration in
loop shape at plant output and input for low and high frequencies (see Figure 2.2), the

following expressions have been shown [64].
e For low frequency

1. Loop gain at plant output:
0 (GK) = g (GW1 K W3) > o (WaGW1) 0 (Ko) /¢ (W3)

2. Loop gain at plant input:
0 (KG) =g (W1 Koo WaG) > g (WaGW1) o (Koo) /e (W)

e For high frequency

1. Loop gain at plant output:

o (GK) =0 (GWlKOOWQ) <c (WgGWﬂ& (Koo) C(WQ)
2. Loop gain at plant input:

o (KG) =0 (WlKOOWQG) <o (WgGWl)ﬁ (KOO) C(Wl)

These inequalities are derived for closed-loop system where stabilizing controller makes
the loop gain different from open-loop shape. In this context, it has been shown that at
low and high frequency regions, the gain of K, is restricted and it depends on robust
stability margin and singular values of the shaped plant [64, 65]. For high value of

robust stability margin, the loop deterioration is less if the selected weights are with
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well condition number. Hence, compatible loop shape not only demands a good robust
stability margin but also needs proper weight selection.

On the other hand, in robust control theory to achieve the design objectives some
transfer function matrices are often considered like, in between the reference input to
measured output, disturbance signal to error signal, reference input to control input etc.
and their gains are minimized subject to robust stability of the closed-loop system. In
H, loop shaping framework, simplifying the objective function (2.5), some bounds on
these transfer functions are obtained (see [65] for detail) and interestingly, it has been
observed that these bounds are function of robust stability margin, gain and condition
number of the weights. In this regard to get an idea, at low frequency some relations

have been shown below [65].

1. Gain from output disturbance to controller output:
7 (K(1-GK)™) <e(W1) /o (G)

2. Gain from output disturbance to controller input:

1
(G)a (W1) a(Wa)

o ((I - GK)*l) <7
g
3. Gain from input disturbance to controller output:

& (K (I - GK)™ G) < e (W)

4. Gain from input disturbance to plant output:

~ -1 i

7 (U =68 €) = oy o)
Here, the singular value bounds are dependent on maximum and minimum singular
value of the nominal plant which are not in designer’s hand to control. As for example,
in the first inequality if the minimum singular value of nominal plant is high, an ill-
conditioned pre-compensator may give a low upper bound for good robust stability
margin. Similarly, the other inequalities can also be interpreted in terms of condition
number and singular values of the weights. In brief, it can be concluded that in time of
proper weight selection, not only the shaping of singular values of the nominal plant is

important but also, its condition number and singular values have to be taken care of
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to get a good trade-off between performance and robustness of the closed-loop system.
Hence, designer must be careful about the desired loop shape as well as selected weights
to achieve a successful design.

In H loop shaping method, the controller ensures robust stability of the closed-loop
system against the perturbations to normalized coprime factors of the shaped plant. The
question is: how is it related with actual uncertainty which is present in the nominal
plant? To get answer of this question, the normalized left coprime factor robust stabi-

lization problem can be described in the following structure [7].

Figure 2.4: Input multiplicative and inverse output multiplicative uncertainty
description

From Figure 2.4] we have
y=(M+MA) " (N+NAY)u

where, Gg = M~'N. With A; = M~'Ay; and Ay = N-'Ay, Figure 2.4 depicts
the same design structure as shown in Figure 2.3. Using this equivalent input-output
uncertainty description, it can be related with actual uncertainty description of the
nominal plant. Considering the actual uncertainty description of the nominal plant, the
H, loop shaping framework can be described as shown in Figure 2.5/ [7].

Comparing Figure 2.4 and 2.5, we have

Ay 0
0  Ag

| wtaw, 0
0 Win Wt |

From this relation, it can be shown that the closed-loop system is robust stable if

|

Ay 0
0 Ag

€

HOO < max (sup,,c (Wa) ,sup,c (W1))



32 H, loop shaping control

Figure 2.5: Hy loop shaping control with actual uncertainty description of the
nominal plant

is satisfied, where € is the robust stability margin obtained from coprime factor uncer-
tainty description of the shaped plant. Note that in above inequality, the right hand
side is always less than equal to € and if, condition numbers of the weights are large, the
robust stability margin will be different for actual uncertainty description of the nom-
inal plant. Hence, for ill-conditioned weighting functions the stability issue is greatly
affected.

Now, a different issue has to be discussed for actual control system with input satu-
ration constraint that arises as a consequence of physical restriction of actuators. In H,
loop shaping framework when saturation element arises in between the pre-compensator
and nominal plant, the robust controller synthesis becomes a nontrivial problem as the
design is performed based on the shaped plant. To overcome this difficulty, it is re-
quired to adjust the gain of weights, that imparts again a complicated task to designer.
In this respect, the structure of Hy, loop shaping framework becomes advantageous for
anti-windup control [48]. In anti-windup scheme, generally an additional loop is formed
by monitoring the difference of the input and output signal to the saturation block and
introducing integral action to this loop. In context of H., loop shaping framework,
the integrator of pre-compensator which is often used to get the high loop gain at low
frequency region, is used to facilitate the anti-windup action.

In the next section, some useful derivations and remarks on Ho, loop shaping control

have been illustrated.

2.4 Some useful remarks

In preceding section, a discussion has been made on weight functions and its role to Heo

loop shaping control. However a fact is not yet mentioned, that is, how the stability
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margin is explicitly related with the selected weights. It is an open and non-trivial
problem of McFarlane-Glover H, loop shaping method and in this section, some guide-
lines have been discussed for weight selection that yields good robust stability margin.
In addition, the uncertainty structure related to this design framework has also been

presented in detail.

First, we look into the equation (2.4) that gives an explicit relation between v and
Gs. From this equation, it is quite difficult perhaps impossible to find an explicit relation
between the weight functions and . To establish this relation, one must separate out G
and weight functions from the shaped plant Gg. But it is difficult, since the relation again
is involved with the coprime factors of the shaped plant (see equation (2.4) where €4, is
the function of the Hankel norm of M and N). On the other hand, it is important to note
that, the achievable 7,, can be calculated before designing the stabilizing controller,
where it depends only on the shaped plant. In [64], a detail discussion has been made on
this topic and towards this direction, an explicit relation between stability margin and
weights can not be obtained from (2.4). Hence, we concentrate on the performance index
(2.5) that provides a relation between nominal plant G, weight functions W; and Ws
which are involved into the shaped plant Gg, controller K, and the stability margin
€ = % In the following section, a derivation has been established that results some

interesting expressions.

Let, Gg € C™ ™. Since the controller K, is designed by satisfying (2.5), we have

(T4 KoLKw) < 2~ KLGHM M) - GsKa)  (26)
* KOO
= | K% T ;

(We consider only pre-compensator W = W; and post-compensator Wy = I)

[T e oo [ 2[5

IN

VA1 = KX W*G*)(M*M)(I — GW K

g[}(}m]*{%lvg ?]*[G 1] e | -6 I}[Vg ”HK}’OJ
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w0
0 I

w
Let we define, P = ~? [

Koo
I

matrices with U € C?"*?n %3 € 0?"%" V€ C™*". Now from (2.7), we have

]*[—G 1] aramn] ¢ 1]

?]andQ:

€ C?»*n_ Using SVD of @, we have Q = UXV* where U and V are unitary

Q"Q < Q*PQ. (2.8)
Replacing @) = UXV™ in (2.8), we have
VEU'UEV < VEU*PUEV*
= Y'Y < S*UPUY. (2.9)

OTLXTL

Enxn
Since @ is with full rank, the structure of > can be defined as ¥ = [ ! ] and

replacing it in (2.9), we have

[2{ o}[il

Since ¥ is non-singular, 21_1 exists. Now, defining U = [ Uy Us ] and pre and post-

=1 (2.10)

<[=t o]ury

multiplying (2.10) with £7*, we have

I <U;PU;. (2.11)

Remark 2.1: From (2.10), it can be written as U*PU > I. Since UU* = I, we have
P > 1. This implies
o(P)>1

Using the expression for P, one can have the following relation.

a<M[_G 7| [Vg 3])271

= g([—N MDZTI-

Since NN* + MM* = I, we have vy > 1 that does not conflict with the result of [65].
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Hence, it is an alternative way by which one can prove that, the achieved v is always
grater or equal to one.

Remark 2.2: In other way, from (2.11) we have

’7_1§0’<M[—G I}[Vg ?]Ul)

IN
Qi
A/
=
|

Q

~
=
o

Since the columns of Uy are the columns of unitary matriz U, o(Uy) = 1. Hence, v > 1.

Again simplifying this inequality, we have

NI BRI R ()

0 I
Since, (—,([ G I D = Ve T+ GG = \/1+06%(G) and 6(M) = /17365
(see [64] page 127), then

1o A 72(Q)

It can be seen clearly from the above expression how shaped plant and maximum singular

value of W influence the robust stability margin of the closed-loop system.

Now, the equivalent four-block structure of H., loop shaping control will be pre-
sented. Only for this section, the NRCF of Gg is considered to compare and elaborate
the results of [42]. Note that, without loss of generality, similar type of results can also
be obtained in NLCF framework.

From Figure 2.6, we have

2= M NI = KooGy) ™! [ Ky T } [ o ]
w2
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AMf: g ANr
W, z wy
-1 +
M, N,
+ +
Koo <

Figure 2.6: Robust stabilization problem in normalized right coprime factor-
ization framework

-1 . _Mr Mr
where Gg = N, M, ". It also satisfies [ —M¥ —N; ] = [ My N} ] N =
T

1. We assume that the number of outputs is greater than equal to the number of inputs

T

of the shaped plant (this assumption is also considered in [42]). In robust stabilization

framework, a stabilizing controller K, is designed to minimize

IToulloe = || -0 10 = KasGo) ' |~ 1] (2.12)

[e.e]

Equivalently, without changing the co-norm of (2.12)), we can rewrite

1Tl = || M7 N7 | [ :J\]\f ] (-MM1 - KGO K 1) }
= - [ D o [ 1)
_ | :J\z\{ ] (~MMI - KGO | ~Kw T])
| é ] (I - KouGo) ™ | ~Fo T | } (2.13)
Similarly, without loss of generality (2.12) can be rewritten as
ITowllso = H[ Ny M ] [ :j\]\; ] (~M M= KasG) ! | ~Ko T]) }
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(2.14)

Remark 2.3: The transfer function matrices shown in (2.15) and (2.14)) are in four-

block structure. If the objective signal vector is considered as [ zg z? } and exogenous

T
stgnal vector as [ wl wl } , two different design structures are then obtained that

yield different types of uncertainty structure of the system.

Figure 2.7: Additive and feedback type uncertainty structure

Figures 2.7 and 2.8 are related to (2.13) and (2.14) respectively. Both of these
two structures, interestingly, belong to a general class of uncertainty structure which is

mentioned in [42]. The general perturbation structure of the shaped plant is
Gsa=((I—A)Gs—Ay)(I—A_Gs—AL)7".

When A. and Ay become zero, the uncertainty structure is like Figure 2.7/ and simi-

larly, the structure becomes as shown in Figure 2.8 when A_ and A, are zero.

Remark 2.4: In [}2], two equivalent sets of perturbed plants have been addressed cor-

responding to uncertainty structure shown in Figures 2.6 and|2.8. Similarly, a different
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K

oo

Figure 2.8: Output multiplicative and input inverse multiplicative uncertainty
structure

set of perturbed plant has been developed as shown in Figure 2.7 which is equivalent to

the above two sets (see Figures 2.6 and 2.8)

2.5 A method for weight selection

In this section, a method has been proposed to select a pre-compensator for solving Ho
loop shaping control by considering the work of [I]. The post-compensator is assumed
as an identity matrix with proper dimension. In Procedure 1, a simple and effective
method is proposed in comparison with the simultaneous optimization technique dis-
cussed in [55]. In Procedure 2, an effort has been made to minimize the condition
number of the pre-compensator that in turn, effectively reduces loop deterioration in
presence of controller. Before describing the method, we need to represent a relation
between a matrix A and its perturbed form A that will help to calculate the variation
to be introduced in a nominal plant in order to shape the desired singular values of any

closed-loop system. This idea has been utilized in the proposed algorithms.

Lemma 2.1 [1]: Let A, A€ C"™™ and A is defined as

A=AI+7), (2.15)

where ¥ = VOV*. V = [v1,vg,...,0,] and U = [uy,us,...,u,] are two unitary matri-
ces whose columns are respectively the eigenvectors of A*A and A*A. Then, u, = Vi
provided 7y is the kth column etgenvector of Z*Z, where Z is defined as (DU)% (I+9),
® € C"" and D, = diag (02 (A)) = V*A*AV.
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The proof of this lemma is given in [I]. Now, in order to select a pre-compensator
that shapes the singular values of the open-loop plant based on design specifications,
the frequency-by-frequency calculation has been performed and at each frequency, the
TFM becomes a complex matrix. We consider, G (jw) and G4 (jw) are the two matrices
at frequency w which are respectively obtained from the nominal and desired shaped
plant. These two plants are with same dimension. Here, G4 is a known TFM and it is
chosen based on closed-loop design specification. In the following steps, dependence on

jw is omitted for simplicity of the notation.

Procedure 1

Using (2.15), the following relation can be formed at each frequency:
Gyg=GI+VoV*)=GV(I+D)V* =GWh, (2.16)

where @ is unknown matrix and V is formed with the eigenvectors of G*G such that
V*G*GV = D, = diag (02 (G)). It is assumed that G*G has no eigenvalue at origin for

all frequencies, hence, D;l exists. Now, simplifying (2.16), we have
® = (D) (GV) (Ga— Q) V, (2.17)

where the pre-compensator matrix is (I + V®V™*). Since, G and G4 are known, V and
® can be easily calculated at each frequency. Within the selected frequency range, each
element of (I + V®V™*) is plotted and a stable, minimum-phase transfer function is fitted

to each plot. The selection of W7 is such that Gg = GW; contains no hidden modes.

Algorithm 1
Assumption: For all frequencies, G* (jw) G (jw) has no eigenvalue at origin.

Inputs: Nominal TFM G(s) and the desired shaped plant G4(s).

Algorithmic steps:

1. Select the frequency range in which the shaping of singular values is mostly desired.

Grid the frequency range.

2. At each frequency grid, compute G(jw),V (jw), Ga(jw), Ds(jw).
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3. Compute ¢ and (I + V®V™*), and store the data.

4. Plot each element of (I + V®V*) with frequency. Fit each element of TFM with

a stable, minimum-phase transfer function.

5. Perform co-spectral factorization to obtain stable, minimum phase pre-compensator.

Remark 2.5: The perturbation ® is not general, however, depends not only on G but
also on Gg4. The assumption for this algorithm is more conservative. However, the direct
inversion of nominal plant G in (2.16) has been avoided by following the procedure as

discussed above.

Now, a different design technique is proposed to select a pre-compensator for solving H,
loop shaping control problem. In this procedure, the condition number minimization
constraint is taken into account and finally, the proposed design method is formulated

in LMI framework.
Procedure 2

Let a(s) and ((s) are the two SISO transfer functions indicating the upper and lower
bounds of the selected region for loop shape. At any frequency w, |5(jw)| < 0 (Gg(jw)) <

|a(jw)|, then, it can be written as
BT < G5(jw)Gs(jw) < |a(w)* 1 (218)

where, [ is the identity matrix with proper dimension. For simplicity, jw is henceforth

omitted. Applying (2.16), the inequality (2.18) can be written as
BT < VX*V*G*GVXV* < |a*T (2.19)

where X = I + ®. Since, 0(Gg) > 0, X is a non-singular matrix. Now, defining
F =V*G*GV, (2.19) can be simplified as
B (XX < F < o (xX*)7
= [BPI<FQ<|afI (2.20)

where Q = X X*.
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1 exists and it is obvious that

Since, F' > 0, (G*G has no eigen value at origin) F'~
c(FYI<F'<&(F I (2.21)
From (2.20) it can be written as

BPF'<Q<|a)F L

Hence from (2.21)),
BPe(FHYTI<Q<|afe(F I (2.22)

Let, k= |8]*a (F71), k> 0. Then (2.22) can be written as

- jof* o (£~ -
W|QQ(F I)ISQSMWFU(F "I (2.23)
25 (-1
Let, ¢ is a number where ¢ > 1 and also ¢ > %, then (2.23) can be written as

kI < Q < kI (2.24)

Corollary 2.1: At each frequency, a pre-compensator matrix Wy has to be selected
such that the singular values of GW1 will lie in between || and |B|. If W1 is formed as
VXV* from (2.16) where X is defined as X = I + ®, then Q = XX™* can be obtained

by solving the minimization problem:

Minimize ¢

Subject to
BT <FQ<|af*I
Q>0 (2.25)
kI <Q <Pkl

where, ¢ is the condition number of Q.
This optimization problem is in the form of a generalized eigenvalue problem (GEVP)

in LMI framework.

Algorithm 2

Assumption: For all frequencies, G*(jw)G(jw) has no eigenvalue at origin.
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Inputs: Nominal plant TFM G(s) and two SISO transfer functions a(s) and 3(s).

Algorithmic steps:

1. Select the frequency range [w;, wp| in which the singular values of the nominal
plant will be shaped. Grid the frequency range. The dense frequency grid will
give the better result.

2. At each frequency grid compute V(jw), G(jw) and F(jw) = (G(jw)V (jw))*
x(G(jw)V (jw))-

3. Solve the optimization problem (2.25) and get the solution (). From @), calculate
X. The pre-compensator matrix Wi = VXV™ and store the data.

4. Plot each element of W with frequency. Fit with a stable, minimum-phase transfer

function to each element of Wj.
5. Perform co-spectral factorization to obtain stable, minimum phase pre-compensator.

Remark 2.6: The Algorithm 2 can be easily implemented in MATLAB environment
using LMI toolbox. Although (2.25) comprises two non-strict inequalities, for finding
solutions using LMI toolbox these two are assumed as strict inequalities. In both the
algorithms, the MATLAB command ‘fitmag’ has been used to fit the data points with
a stable, minimum phase transfer function. Interestingly, even though each element of
TFM becomes stable and minimum phase, it does not yield that overall TFM becomes
minimum phase. Hence, co-spectral factorization is required to achieve this objective
135].

2.6 Numerical example

To demonstrate the effectiveness of the proposed method, an example has been illus-
trated in this section. The simplified mathematical model of high-purity distillation
column is considered [66]. It is an ill-conditioned plant with strong cross-coupling. In
H, loop shaping framework, to shape singular values of the open-loop plant two differ-
ent non-diagonal weights have been obtained using two different algorithms proposed in

the preceding section. The plant model is given below [66].

e*TS

G(s) = 14 75s

0.878 0.864 ki 0O
1.082 1.096 0 ko
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where,

0.8<k <12
0.8<ky <12

0<r<1.

The nominal plant model is assumed using the mid values of ki, k3 and 7 = 1. The
outputs of the plant are top composition and bottom composition and the inputs are
reflux and boilup [66]. The time delay is simplified with a first order Padé approximation
that introduces a zero to RHS of s-plane at 2 rad/min. This RHS zero restricts the closed
loop bandwidth.

Singular Values
20 T

N~

. \: \\\ Desired shape of singular values |
—

20 T \\\\\ ]

Singular Values (dB)

Singular values of the nominal plant

-100 -

-120 L I

Frequency (rad/sec)

Figure 2.9: Singular values of the nominal plant and desired shape of singular
values

In Figure 2.9, singular values of the nominal plant have been shown and its condition
number is 142 at all frequencies. As mentioned in [48], the performance specifications
are taken as follows: output should reach to 90% of its steady-state value within 30
minutes while the corresponding input channel of the system is excited with a step
input, and the effect of cross-coupling on the other output channel should be less than

50% of steady state value of first output channel after the above specified time. To meet
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closed-loop design specifications, singular values are increased in both the high and low

frequency regions, and a TFM is chosen as

1.5(s40.8)2 0
o s2(s+1.3
Ga(s) = ( 0 ) 0.9(s40.8)2
s2(s+1.3)

for desired shape of singular values which are shown in Figure 2.9. The desired shape
indicates boundaries of the loop shaping region, that is, all singular values of the shaped
plant should lie in this region. Now, to shape singular values of the open-loop plant the

proposed two algorithms have been adopted.

Since it is a two-input-two-output system, the TFM selected for desired shape has
two SISO transfer functions at diagonal position whose gain plots indicate the desired
shape of singular values. This selection is done on trial and error basis. For Algorithm
2, same transfer functions have been used to indicate the boundaries of the desired loop
shape. Applying both the algorithms, frequency-by-frequency data points have been
stored and the corresponding gain vs. frequency plots are shown in Figures [2.10-2.13.
Then, each plot is fitted with a stable, minimum-phase transfer function and for fit-
ting, the MATLAB command ‘fitmag’ has been used. Note that, the obtained TFM
may or may not be minimum phase and to get a stable, minimum phase TFM, co-

spectral factorization is performed. The corresponding designed pre-compensator TFM

Wi W,
Wy = 1 12 is as follows:
War Wao

From Algorithm 1

3546(s% + 3.9932s8 + 6.204257 + 5.05085% 4 2.51695° + 0.88215% 4 0.23045°
+0.043152 + 0.0055s + 0.00047)

59 + 3.86258 + 5.42957 + 3.8856 + 1.761s5 + 0.582654 4 0.149653 + 0.024652 + 0.003s + 0.000194
—3483(sY 4 3.98315% + 6.1843s7 + 5.0148s% + 2.492455 + 0.86535% 4 0.2150s°
40.0413s2 + 0.0053s + 0.000426)

59 + 3.86258 + 5.42957 + 3.8856 + 1.761s5 + 0.582654 + 0.149653 + 0.024652 + 0.003s + 0.000194
—3483(s12 4 48.033s'! + 681.59510 + 346559 4 853058 + 1143857 + 8753.95% + 4005.25°
+1203.65% 4 287.10885% + 41.745652 + 4.8952s 4 0.1931)

512 4+47.935'1 +675.7510 + 337459 4 799258 4 996957 + 676956 + 272355 4 820.65* 4 175.45°
+26.0552 + 2.727s + 0.1059

Wii(s) =

Wia(s) =

Wai(s) =

3497(s'2 4 48.0412s'1 + 681.72725'0 4 3468.75° + 855358 4 1150757 4 8841.9s5
+4083.555 + 1257.1s% + 304.555% + 47.612252 4 5.7707s + 0.3452)
512 4 47.9351 4 675.7510 4 337459 4 799258 + 996957 + 6769s% + 27235% 4 820.65* + 175.453
+26.0552 + 2.727s + 0.1059

Waa(s) =
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From Algorithm 2

2454(s8 + 3.2559s7 + 4.021255 + 2.4943s% + 0.94785* + 0.275653 + 0.0533s2 + 0.0075s + 0.00064)

W) = 8 + 3.127s7 + 3.40556 + 1.74955 + 0.6497s* + 0.1709s3 + 0.0313452 + 0.0042s + 0.00029
Wia(s) = —2400(s8 4 3.2517s7 + 3.99965% + 2.4733s% 4 0.93135% + 0.2699s% 4 0.0517s2 + 0.0071s + 0.00062)
88 4 3.127s7 + 3.405s% + 1.749s% + 0.6497s% + 0.1709s3 + 0.03134s2 + 0.0042s + 0.00029
War(s) = —2400(s® + 3.2513s7 + 4.019255 + 2.5021s° + 0.9592s5* + 0.280653 + 0.0545s52 + 0.0075s + 0.00064)
88 + 3.12857 + 3.42156 4 1.7825% + 0.67065% 4 0.1793s3 + 0.033152 + 0.0044s + 0.0003
Was(s) = 2448(s® 4 3.2578s7 + 4.0339s% + 2.536455 4 0.9759s* + 0.290453 4 0.056552 + 0.0081s + 0.0007)

s8 + 3.12857 + 3.42156 + 1.782s5 + 0.6706s% + 0.1793s3 + 0.0331s2 + 0.0044s + 0.0003
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Figure 2.10: Frequency vs. gain plot for W1

In Figures 2.14-2.15, the singular values of the shaped plant have been shown. The
dashed lines indicate the boundaries of desired shape, and both the algorithms give
satisfactory result. In Figure 2.14), at low frequency region the lower singular value of
the shaped plant comes out from the desired boundary, it occurs due to error in data
point selection for transfer function fitting.

The condition number of the designed pre-compensator has been shown in Figure
2.16/ for both the algorithms. In Algorithm 2, the condition number has been improved
significantly. Figures 2.17/2.18 show the closed loop responses for a unit step input
(either in input channel-1 or in input channel-2). Due to the condition number mini-

mization in Algorithm 2, the loop deterioration is less compared to Algorithm 1 which
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Figure 2.15: Singular values of the shaped plant from Algorithm 2
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Figure 2.16: Condition number of the pre-compensator

has been shown in Figure 2.19. The calculated 7., values (inverse of robust stability
margin) are obtained respectively 3.6377 and 3.1922 from Algorithms 1 and 2. This
clearly indicates that the condition number minimization of pre-compensator weighting

function in LMI framework results better trade-off between performance and robustness.
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Figure 2.19: Loop deterioration after the inclusion of controller

2.7 Conclusions

In this chapter, a pre-compensator selection procedure has been proposed for H, loop
shaping control. The underlying theory of the method is different from the existing
results and it gives an alternative and effective procedure. To select pre-compensator,
two different algorithms have been introduced where Algorithm 2 leads to minimize the
condition number of the pre-compensator in LMI framework. It is necessary to check
whether the loop properties are significantly changed in presence of final controller K =
W1 K. If so, a better trade-off between performance and robustness can be achieved
by adopting Algorithm 2 which is based on condition number minimization of pre-
compensator weighting function. In numerical example, the simulation results obtained
from two different algorithms have been presented in a comparative way and both of

them give the satisfactory results.



CHAPTER 3

Parametric Hy, loop shaping

control

Compared to McFarlane-Glover method discussed in preceding chapter, the parametric
H, loop shaping technique provides more flexible design framework and systemic weight
selection procedure for the solution of mixed sensitivity Ho, control problem [41]. In
true sense, both the parametric and McFarlane-Glover H,, loop shaping methods ensure
robust stability against normalized coprime factor uncertainty description of the shaped
plant. The only difference is, parametric structure contains a known scalar parameter
in the design framework. Unfortunately, for non-unity parameter the explicit formula
proposed in McFarlane-Glover method is no longer applicable and an iterative algorithm
is needed to find robust stability margin. In this chapter, a design framework has been
proposed for synthesizing the parametric Ho, loop shaping controller using LMI ap-
proach that circumvents the computational difficulty for finding robust stability margin
(%#pt) In the sequel, a correspondence has also been drawn with the existing Riccati
equation based state-space approach of [41] and finally, the observer based structure of
the controller has been realized. The effectiveness of the proposed parametric Hy loop

shaping control strategy is discussed through simulation studies.
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3.1 Introduction

As discussed in Chapter 2, the McFarlane-Glover H,, loop shaping method provides
some advantageous design steps compared to general H., synthesis problem [26, 65]. In
this method, the explicit formula for robust stability margin reduces design efforts and
advances the technique one step ahead in robust control theory due to a general unstruc-
tured uncertainty description of the system. Later in [41], a more general framework for
H. loop shaping control has been proposed. In this structure, a free parameter A ap-
pears in performance index that, in turn, gives a compromise in between the sensitivity
and complementary sensitivity transfer functions of the closed-loop system. Unfortu-
nately, this introduced parameter invites some complexities in numerical computations.
Most importantly, for non-unit value of this parameter an iterative algorithm is needed
to calculate the optimal value of v and it hampers the main advantage of the loop shap-
ing method. In this chapter, a design platform has been addressed in LMI framework
that reduces computation burden for finding the robust stability margin and provides a
framework alternative to state-space Riccati equation based approach.

The necessary and sufficient conditions for the existence of parametric Hy, loop
shaping controller have been derived in [41] where the solutions are obtained in state-
space framework. The existence of the stabilizing solutions of two AREs indicates the
existence of parametric controller. However, interestingly it has been shown that the
solution of control ARE is enough to ensure the controller existence whereas the other
ARE always gives a stabilizing solution zero and jointly satisfies the v constraint for
Hy, synthesis. Further in [41], exploiting the disturbance feedforward structure * of
the generalized plant the observer-based controller has been realized and the problem is
posed in state-feedback structure.

On the other hand, the LMI approach leads a remarkably simplified H, controller de-
sign [36,/49]. This technique provides a design platform where the number of assumptions
is reduced, the robust stability margin is found out by solving a minimization problem
and the existing conditions for stabilizing controller are characterized by two symmetric

positive-definite matrices. These two matrices are the stabilizing solutions of two ARIs

!The generalized plant 2 3
A | B | B

P=4C | 0 [Dp >
Cy | I 0

is in disturbance feedforward (DF) structure. It has a relationship with the full information (FI) problem.
For DF problem, an additional assumption is imposed that is, A — B1C> is stable. For detail, see ([114]
page-431).



3.2 Parametric H,, loop shaping control 53

[36, [49]. In [60], a correspondence has been shown between ARIs and AREs, and sub-
sequently for comparison the Doyle-Glover-Khargonekar-Francis (DGKF) method [26],
Doyle-Glover method [38] and LMI approach [36, [49] are presented in single platform.

In this chapter, an effort has been made to reformulate the parametric H,, loop
shaping design problem in LMI framework that in turn, explores a new set of solvability
conditions for stabilizing controller and gives an easy way for finding robust stability
margin using available LMI solver. The existence conditions for parametric H., loop
shaping controller have been characterized by positive definite solutions of two ARIs
that correspond to Riccati equation based state-space approach and finally, an observer

based structure of the controller has been realized.

The rest of the chapter is organized as follows: The difference between McFarlane-
Glover method and parametric Hy loop shaping control problem has been discussed
in Section 3.2l In Section 3.3, the state-space solutions of the parametric H,, loop
shaping design problem are presented along with observer-based controller structure and
subsequently, the LMI approach is introduced leading to find the solvability conditions of
the stabilizing controller. In Section [3.4, a correspondence between ARIs and AREs has
been established and in Section [3.5, the observer-based controller structure is realized
in LMI approach. A numerical example has been illustrated in Section [3.6/ to show the
usefulness of the proposed technique and in Section 3.7, the concluding remarks are

drawn.

3.2 Parametric H,, loop shaping control

Before introducing the parametric Hy loop shaping design framework, first in this
section, the McFarlane-Glover Ho, loop shaping method has been described in its state-
space form. Referred to Figure 2.2/ in Chapter 2, G is the nominal plant, post and
pre-compensators are Wy and W1y, from where the shaped plant Gg = WoGW7 is ob-

A|B
, the state-space
oo

, (3.1)

tained [65]. If the minimal state-space realization of Gg is

realization of the normalized left coprime factors becomes

A+LC|B L
c |o 1

[N M]:
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where L = =Y CT and Y = YT > 0 is the stabilizing solution of the following Riccati
equation

AY +Y AT —vcTcy + BB =o. (3.2)

Based on Gg, a controller K, is designed to ensure the internal stability of the closed-
loop system for a set of plant G, = (M +Ap;) "1 (N+Ay) by minimizing the performance

index

1Tl oo = H [ KI ] (I -GsKoo) "M (3.3)

o0

Here, the performance index is the infinity norm of the transfer function matrix be-
tween w (exogenous signal) to z (objective signal?) and the design method is known
as McFarlane-Glover Hy, loop shaping method [65]. In parametric Ho, loop shaping

control, the performance index is modified as

I
HTszoo = H[ \K ] (I- GSKoo)_lM_l (3.4)

oo

where, \ is a free scalar parameter [41]. The block-diagram for robust stabilization
problem corresponding to (3.4) has been shown in Figure [3.1/ with the normalized left

coprime factor uncertainty description of the shaped plant.

-1
A Ay |

|

ALK

=3

Figure 3.1: Robust stabilization problem in parametric H., loop shaping frame-
work [41]

2Here, z is considered as 23 2% " Whereas in Section 2.2 of Chapter 2, the objective signal

vector was taken as  zT  z¥ T and it does not violate any generality of the problem.
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Here, )\ is a scalar quantity and it does not alter the state-space realization of the nor-
malized coprime factors of the shaped plant as obtained in McFarlane-Glover method.
However, it only scales the input matrix of the generalized plant. It means, the para-
metric H,, loop shaping control problem can be posed into two different frameworks. If
the parameter enters into the state-space realization of the shaped plant, equation (3.2)
becomes parameter dependent and for different values of A, different normalized coprime
factors will be obtained. In other way, if the shaped plant is kept parameter invariant,
the normalized left coprime factors can be obtained by using (3.1-3.2). Where A only
scales input of the IV block and for a given value of X\, the controller AK, is designed
to ensure the stability margin H { A TAN Ay } HOO < % When A = 1, the parametric
loop shaping control problem is similar to McFarlane-Glover method.

From Figure 3.1, the generalized plant is obtained as

—L

Qo Q|
O |l~ O

Throughout this chapter, it is assumed that (A, %, C) is a stabilizable and detectable
pair for all A > 0. Using the Doyle-Glover method [38], the solvability conditions are
derived in [41] and due to disturbance feed-forward structure of the generalized plant,
a controller with observer-based structure has been realized. In this chapter, the LMI
approach has been applied on generalized plant (3.5) to find the solvability conditions for
stabilizing controller and results are compared with the Riccati equation based state-
space approach. Moreover, it also has been shown that the LMI technique gives the

observer-based controller with similar structure that has been obtained in [41].

3.3 Solvability conditions

For the shaped plant Gg, we assume the number of inputs n,, is more than or equal to
the number of outputs n, and v, is the minimum achievable norm of the performance
index (3.4) for all stabilizable controllers [41]. We consider the dimension of w is n,, and
since M is a square plant, n,, = n,. In the following theorem, the solvability conditions
have been stated in state-space form for the existence of a stabilizing controller. For

completeness of our discussion, the proof of the theorem has also been discussed briefly.
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Theorem 3.1 [41]: There is a stabilizing controller NK(s) such that vyopt < 7, if
and only if, there exists a stabilizing solution X, > 0 to the ARE

(A= ¢LC)Y Xoo 4+ Xoo(A — ¢LC) — Xoo (AN 2BBT — ¢LLT) X + $72CTC =0 (3.6)

where, ¢ = (v2 — 1)L, If Xo is a stabilizing solution of equation (3.6), the observer-

based controller Ko (s) becomes

Ko(s) = A—i—B?oo—i-LC —OL
oo

where, Foo = —A\"2BT X .

Proof: The proof of this theorem is straightforward and to find necessary and suf-
ficient conditions for stabilizing controller, Doyle-Glover method has been adopted [38].

Considering the generalized plant P, as given in (3.5), we have

A=AeRV" By =—L¢& R, By = \"1B¢g R,
C

Qnuxn

Cy = € Rinwtnu)xn 0y = C € Rrwxn,

Dll _ [ Inw ] c %(nw—i—nu)XnW,Dlz —

Ty, X Ny

Onu,xnu ] c %(nw-&-nu)xnu’

Uz

Doy = I, € R™*™, Doy = 0 € RM>M,

It satisfies all the required assumptions® for applying the Doyle-Glover method. The
method states that, there is a stabilizing controller, if and only if, there exists two
positive semi-definite solutions X, and Y, satisfying p(XsYeo) < 72 where, X, and

Y, are respectively the two solutions of following algebraic Riccati equations. The AREs

3The assumptions are
1. (A, By) is stabilizable, (C2, A) is detectable.

2. rank(D12) = ny,rank(Da1) = n.

3. A—gwl By has full column rank for all w € R.
C1 D12
4. A—gwl B has full row rank for all w € R.

Co Do,
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are

Xo(A-B,R'DICc))+ (A - B.R'DIC)'X, - X.B.R'BI'X,
+ cf(1-D.R'DHCL =0 (3.9)

YoolA— B DIR'CHT + (A-BDIR'C.)Yy — Yoo CTRTIC. T
+ Bi(I-DYR'D,)Bf =0 (3.10)

C
where, B, = [ B, Bs ] ,C. = 1
2

Dy
,Dl-:[Dn D12}7D-1: , D1 =
Doy

D11 ‘ D1112 R— DI, Dy —~%1 ‘ DI, D1 and B — D1 DL —~21 ‘ Dy DY
D1121 ‘ D122 DI, D1y ‘ DI,D1s Dy DY ‘ Dy DI
Now using (3.8), we get
1—~)I 0
(1 - IYQ)I 0 S ( 7 ) 2
R = ,R= 0 -1 0 |,
0 I

0 I

(A— B,R'DTCy) = (A —(y*=1)"" Lc) ,
B,R'B =X7?BB" — (y* —1)"'LL"

and
¢l -bpyr'DIHC, =422 -1)"tcTC.

Replacing these terms in (3.9) and (3.10), and after some algebraic simplification, the

AREs become respectively as

Xeo(A= (P =1)7TLC) + (A= -1)T'LO) Xeo +72(y* — 1)1 CTC
— XA\ 2BBT — (* = 1)'LLT) X =0 (3.11)
and
(A+ LO)Yoo + Yoo (A + LC)T — Y, ,CTCY, = 0. (3.12)

Since (A + LC) is stable, Y, = 0 is a stabilizing solution of (3.12). Therefore, if there

exists a positive semi-definite stabilizing solution X, it always satisfies the requirement
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p(XooYso) < 72 since v > 0, and provides necessary and sufficient conditions for the
existence of stabilizing controller.
Now, the controller will be found out when the stabilizing solutions X, and Y, exist.

Using Doyle-Glover method [38], a controller K is obtained with the following structure:

AC BC
Ce| 0

K:

where,
Ac= (I =7 YooXoo) ' [(A+ (L - Yoo ON)O)I — v ?Yoe Xoo) — A 2BBT X ],

B, = —(I -7 %Yo Xoo) H(L = Yoo OT) and C. = —A"'BT X ..

If the controller state is x. and measured output of the shaped plant is y, the state-space

equations of the obtained controller become as follows:
Ge= (I =7 Voo Xoo) A — 7 Yoo Xoo)Ze + (L — Yoo CT)C(I — v Voo X oo ) e
A2 BBTX oz — (L — Yoo CT)y]
u=-\"'"BTX_ ..
Defining (I — v 2Yo0 Xoo)Te = T¢, We have

= [A = A2BBTX (I — v Yoo Xoo) a4 + (L — Yau OT) (Cry — )

and
u=-AN"BTX (I — 7 Yo Xoo) 1a4.

This is a realization of the controller with observer-based structure. For Y., = 0, it

becomes
iy = (A+ LC)xy + B (—A2BT X)) 2 — Ly (3.13)
u=\(-A"2BTX) x ' '
Now defining Fy, = —A"2BT X, (3.13) becomes
iy = (A4 LC + BFy)xy — Ly (3.14)
U= AFsoat .
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which is similar to (3.7) as (3.14) depicts the state-space realization for AK . g

Remark 3.1: In Theorem 3.1, the stabilizing controller is AK«(s) and its corre-

..................................

z=1u 5
1 ! B
Ao UB X
_____________________________ u
5 + ).Ct Xt
A B—C)—
A |-
L

Figure 3.2: Observer-based parametric Hy, loop shaping controller

sponding block-diagram has been shown in Figurel3.2. Note that, in final step when the
parametric Hy, loop shaping controller is formed by cascading \"'*Wy and Wo with the

controller \K o, the parameters A and \™! are canceled out but Ko, remains \ dependent.

Now, the parametric H, loop shaping design method has to be reformulated in LMI
framework. For the existence of stabilizing controller, a new set of solvability conditions
will be derived. Unlike [41], it will be shown that the solvability conditions are involved
with the existence of stabilizing solutions of two ARIs. In the sequel, a correspondence
also has to be established between ARIs and AREs to compare these results with [41].
Finally in LMI framework, the observer-based structure of the controller will be realized
to establish the fact that the proposed method is a parallel approach to [41], however,
provides an effective framework for computing optimal value of v. Assuming the triplet
(A, %, () is stabilizable and detectable for a given value A > 0, the following theorem

can be stated.

Theorem 3.2: For A > 0, there exists a stabilizing controller NK, if and only if
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R>0,5>0,v>0 and satisfy the following inequalities:

AR + RAT —4)\2BBT RCT

CR
LT

ATS + SA+CTLTS + SLC —~CTC

—L i
I I | <0 (3.15)
I —vI
<0 (3.16)
R I]
>0 (3.17)
I S|

Proof: This theorem will be proved by using the results of [36], 49]. Let, a generalized

plant is
A | By | By
P=|Ci|Du| D2 |, (3.18)
Cy| Do | O

where (A, By, Cy) is stabilizable and detectable. There exists a stabilizing H, controller
such that || T,y ||co < 7, where v > 0, if and only if, R > 0, S > 0 and satisfy the following

inequalities:
T | AR+ RAT
Nr O
Ci1R
0 I T
By
7| ATS + SA
Ng O T
0 I
C1

RCT
Df,
S B
AT
D1y

B, -
D Ne 0 g (3.19)
11 0 I .
—~I .
cf Ng 0 ]
S
DT <0 3.20
i1 [ 0 I (3.20)
_'YI -
R I |
>0 (3.21)
I 5|

where, Ngr, Ng denote bases of the null spaces of [ Bg D?Q } and [ Cy Doy } re-

spectively. T, is the transfer function matrix between w to z. Now, comparing the
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generalized plant (3.5) with (3.18), we have

C
A=AB =—-L,Bo=)\"'B,C, =

I
Dy =
0

70220

(3.22)

,D12: and D21 =1.

The bases of the null spaces? of [ AIBT o I ] and [ C I } can be chosen as

I 0 7 I 0
0 I | and [ Using (3.22) and replacing Np = 0 I
—C
—-A71BT 0 ~A1BT 0
r . . .
and Ng = o in (3.19) and (3.20), we obtain respectively (3.15) and (3.16). (3.21)
is similar to (3.17). O

Remark 3.2: For a given value of X\, (3.15)-(3.17) can be solved in an LMI frame-
work and an optimal value of v easily can be found out if it is solved as a minimization
problem. Hence, the method proposed in [{1] provides conservative results and this can

be achieved if one designs the parametric Hy, loop shaping controller in LMI framework.

Remark 3.3: From (3.15), it is obvious that [ s s
-

] < 0 is also satisfied.

It yields ~ is always > 1.

3.4 Correspondence between LMI and Riccati equation

based approach

To draw a correspondence between the Theorems 3.1 and 3.2 the following lemma is

presented.

Y AT'BT 0 1 e wrxvtretnu) and ¢ 1 € R™MX(Pw) The rank of the null ma-
trices will be [(n 4+ nw + nu) — ny] and [(n 4+ nw) — nw| respectively. Hence, these are selected as

I, 0 —\'B Tad I
0 I, 0 e o

w
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Lemma 3.1 [60]: A matriz function is defined as
G(X,A,B,Q) = XAT + AX + XQX + BB”

and it is assumed that, (A, B) is controllable on the imaginary axis with Q = Q. Then
the following statements are equivalent.

i) There exists a matriz X > 0 satisfying G(X, A, B,Q) < 0.

ii) There exists a matriz X > 0 satisfying G(X, A, B, Q) = 0 such that A+ XQ is stable.

Further, the relation X > X is also satisfied.

Theorem 3.2 states the solvability conditions for the existence of stabilizing controller
in LMI framework. Using Schur complement form (see Chapter [1), the following ARI is
obtained from (3.15).

<A+ (1_172)LC> R+R (A+ (1_172)LC’>T - ((1 _772)) RCTCR

Y T -2 T
— <(1 — 72)> LL" —~v\"“BB* <. (3.23)

Similarly, from (3.16)
S(A+ LC) +(A+LO)TS —yCTC <. (3.24)
Now, pre and post-multiplying (3.23) and (3.24) by R~! and S~! respectively, we get

W (4 gmte) + (4 gte) 1 (g ) e

~R! (((1 _772)> LIt +7)\2BBT> RU<0 (3.25)

and
(A+LC)S™ + S YA+ LO)T — s~ tcTes™t <. (3.26)

Again, multiplying both sides of (3.25) and (3.26) by v we have

o o ) o ) ()

—(yR™) <<(1 _172)> LLT + )\_QBBT> (yR™1) < 0(3.27)
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and
(A+LO)(vS™H + (vS™H(A+ LC)! — (vs™HcTo(vS™) <. (3.28)

Now changing the variables as Xoo = YR~ and Yoo = vS™1, we get two ARIs as follows:
o 2 -1 2 -1 s
Koo (A= (2-1)7"2C) + (A= (1) 7' LC) Xn
~ X (\2BBT — (2 = 1) LLT) X 442 (42 = 1) CTC <0 (3.29)

(A+ LO)Yao 4 Yoo (A + LC)T — Y, ,CTCY,, < 0. (3.30)

These two ARIs are the counterpart of AREs which have been obtained in state-space ap-
proach (see (3.11) and (3.12)). Since the pair ((A - (- 1)71 LC’) , (’y (1- '72)7% C))
is observable on the imaginary axis, using the Lemma 3.1, it can be stated that if (3.29)
has stabilizing solution X, then ARE (3.11) also has stabilizing solutions X, and
satisfies the following relation XOO > X > 0. On the other hand, f/oo > Y, =0 and it
satisfies p(XooYoo) < p(Xoof/oo) < 52

3.5 Controller construction

In Theorem 3.2, the solvability conditions for stabilizing controller are characterized by

two positive definite matrices R and S. If these solutions exist, a controller

Ac | Be
C. | D.

can be obtained by using the results of [35] and in this regard, the following steps have

been adopted. Note that, from parametric H,, loop shaping framework the generalized

plant (3.5) can be obtained and comparing it with (3.18), we have
A=AeRV" B =—Le R, By =\1'Be R,

C

(w41 ) XN
QP X eR s

e %(nw—i-nu)xn’ 02 —Ce §Rnw><n’D11 _ [ I’I’Lw

" X Nw

(S é]%(n/w—l—nu)xnu’ Dy = Inw c %nwxnw’ Doy =0 € RIw XM
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First, the matrix D, has to be found out from the following relation
D. = (D}yD12) Do (D2 DY, ) (3.31)

where, 7 (D11 + D12DyD21) < . From (3.15), we get v > 1 (see Remark 3.3) and using

the definition of pseudo inverse, we have
—1 -1
DJlrQ = (D{?Dlz) D1T2 = [ Onyxcng  In, } ) Dgl = (D;Dﬂ) Dgl =In,.

Now simplifying D11 + D12 Do D21, we have

I 0
D11+ D12DogD2y = [ e ] + [ 2T ] Dy =

Ny XN

Hence, Dy = 0, xn,, is a valid choice that always satisfies & (D11 + D12DgD21) < v and
from (3.31), we have D, = 0.

The explicit relations for other controller matrices are as follows [35]:

B.=N,'0%, C.=0c (M)

Ae= =NV [SBafo +05CoR+ SAR+ AT + | B + 65Dy CF |

Bf T\—1
(Mp )
C1R + D120,

where M,,, N, are two invertible matrices and satisfy the relation MprT =1— RS,
and here, M, = R and NpT = (R_1 - S) have been selected. The V is defined as

Dy _'YIannu
solving the following two least-square problems. 6, and 6, are two variables and the

()

] € R2nwtnu and the unknowns fp and ¢ are obtained by

problems are

0 ‘ [ Dy 0 l , s

(3.32)

0 Bf
< i
Dig Gk )

0 Ho i, | 0" BT
)
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Simplifying the first equation of (3.32), we have

DI Bf'S
| Dy 0 [0, =~Cy and Op + Vo, = — (3.33)
0 Cy
From (3.33)) we have,
DT BTS
-1 21 _ -1 1
[ Dy 0]V 65+ | Do 0]6==] Dy 0]V o
DT BTS
-1 21 -1 1
=y — 34
:>[D21 o]v . ]93 Cy [Dgl o]v o (3.34)
Similarly, simplifying the second equation of (3.32) we get
0 BT
T -1 _ T T -1 1
[0 D |V [ 12]90_32 [0 D |V ol )

—1 —1
771 (DL (DuDf = +21) ' Dy~ L) D (DuDE =421

Since V™! = " “,
(D11Df; —~+%I) " Du v (D11 DYy — 1)
Y (1 - 72)71 Inw |: (1 - 72)71 Onwxnu :|
- (1 - 72)71 Inw i (1 - 72)71 Inw Onw XMy )
Onuxnw Onuxnw _’7_1Inu

Now considering the left hand side of (3.34), we have

T
e B e [
=7 (1-))"" 1, (3.36)
and right hand side of (3.34)
. LIBrs] 3 -L's
= Dy 0|V o |=¢ [E R A of
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= 0= (1= L5+ (1-99) 7 C)

= (1= s+ (1-(1-93) 7)€

= y(1- 72)71 LTS — 42 (1- 72)71 C. (3.37)
Now replacing (3.36) and (3.37) in (3.34), we have

! C} — LTS —~C.  (3.38)

0 =77 (1=%) [y (1 =79 LTS =2 (1=
Similarly simplifying (3.35), we have

Onu XMy,

0
T —1 _ -1 _ _~—1
[ 0 D12 } v D12 ] - [ Oﬂanu |: Onuxnw Inu } }v Onwxnu - Y Inu
I,
BT
T T -1 1
and B — [ 0 Df, |V -
_ILT
=A"'BT - |: Oy xny [ Onyxne  Inyg } } v CR =\"'BT.
0
Simplifying (3.35), we have c = —A~1yBT. Hence,
B.=N;'%L = (R'-8)"' (LTS —~C)"
= [S(ST'R'-1)] " (SL—~CT)
= (SR =1 (L —vST'CT), (3.39)
Co=00 (M) = —x""yBTR! (3.40)

and A, = —N; ' [SBafc + 05CR + SAR+ AT + | By + 65D CF |

BlT ]] (MT)—I

(v
C1R + D120,
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= =N, [-A9SBBT + (LTS - 4C)" CR+ SAR + AT + CTLT| (M)

- —(rt-5)”

[-A2SBBTR™ + (LTS —4C)" €+ SA+ ATR™ 4+ CTLTR™!|
- —(s'R'-D7!
[-A2yBBT"R '+ LC —4S7'CTC+ A+ ST'ATR™ + STICTLTRT
(3.41)

Proposition 3.1: If R > 0 and S > 0 are the solutions of LMIs obtained from Theorem

AC BC

3.2, then the controller K = where, A., B. and C. are respectively given in

(4
(3.41), (3.39) and (3.40), can be realized in an observer-based structure.

Proof: (3.15) and (3.16) of Theorem 3.2 can be simplified respectively to (3.29) and
(3.30) by changing the variables X,, = YR~ and Y, = 7S~ (see Section 3.4). Now,
replacing R™' = 71X and S~ = 4~1Y,, in (3.39)-(3.41), we get

A= (T=77V ) - [(A+C-A?BB"X.)

n (7_2}700ATX00 —v..CTC + V_Q?WCTLTXC)O)}

~ o~ —1 ~
B, = - (1 - W_QYOOXOO> (L - YOOCT)
C. = —\'BTX,.

Considering respectively the controller state and measured output of the shaped plant

as x. and y, the controller state-space equations become

Go = <1 - 7—21700)200) o { [(A FLO+AIBF) + (v 2V AT X o — Yoo OTC

—l—'y_Q}}OOCTLTXOO)] x.— (L — YOOC’T)y}

and u = Fx,,
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where F = —\1BTX . Simplifying the state equation, it becomes

(1 =7 VaoKeo) e = Ave + X BFwe + (L = YalT) (Co— )
+ 7 W (A+LO)T Xoze.  (3.42)

Since, Y, satisfies the inequality (3.30)
Yoo (A4 LC) + (A+ LO) Yo — Yoo CTCY,, <0,
there must exists n , n > 0 such that
Yoo (A4 LC)T + (A+ LC) Yoo — Yoo CTCVo + I = 0. (3.43)

From (3.43), Yao (A4 LC)" = — (A+ LCO) Ya + Yoo CTCY,, — nl and replacing it in
(3.42),
(I — 7_21700)200) #e = Az, + N\ 'BFx. + (L — ?OOCT> (Cze—y)

—7_2A}7OOXOO:L*C — 7_2LC?OOXOOQUC + V_Q?WCTC}}OOXOO% — n’y_QXooacc

=A (I - 772YOOXOO> T. + (L — Y/OOC'T) (C’ (I — 772}7005(()0) Te— y)
+ MNBFz.—ny 2 Xz (3.44)

Now defining (I — 7*217002200) ze. = xy, (3.44) becomes

o AT 2npT % o v )\
B = Awy + (L —Y.C ) (Cxi—y) — A 2BBTX. (I . YOOXOO) 2t
2% o v )
- ny Xoo (I -7 YooXoo) Tt. (3.45)
Again, )
w=Fr.= -\"'BT X, (I - V*ZYOOXOO) = M (3.46)
- N
where, i = —A"2BT X, (I - 7*2YOOXOO> .
Equations (3.45) and (3.46) have been realized in block-diagram form as shown in Figure

3.3l and these are the equations of an observer-based controller. ([

In Figure 3.3, the controller block-diagram has been shown. The output of ¢ block be-
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= u N L Z,=y
u; - ~ 2~ o~ - E 2=
A B XY YR ] |

-1 X, X +

| Bt i) c —O—

' + H

+

A s
—(-¥.C)

| K.

......................................................................

............................................................................

Figure 3.3: Parametric Hy, loop shaping controller in LMI approach

comes zero when 1 = 0, and it explores a controller K, which has the similar structure

as obtained from state-space Riccati equation based approach [41].

Remark 3.4: In (3.45), a parameter n has been introduced to obtain the equality con-
dition that finally gives the controller state-equation (3.45). Even though the value of n
is very small, the role of n can not be neglected as this equality condition is necessary to

realize the controller in its observer form.

3.6 Numerical example

In this section, a numerical example has been demonstrated to illustrate the proposed
design technique. Here, the linearized mathematical model of longitudinal dynamics of

F-8 aircraft has been considered whose state-space model is as follows [52].
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-0.8 —0.0006 —12 0 -19 -3

. —-0.014 -16.64 —32.2 —-0.66 —0.5

T -0.0001 -1.5 0 ! —-0.16 —0.5
1 0 0 0 0 0

|00 0 1
. [ 00 —1 1 ] -
where x is the state vector, u is the input vector and y is the output vector. The detail
description of these three vectors can be found in [52] and here, the effect of input
saturation is not taken into account. For controller synthesis, the post-compensator is
taken as an identity matrix with proper dimension. Since, the plant is open loop stable
and minimum phase system, there is no such restriction on closed-loop bandwidth which
is a major consideration for pre-compensator selection. In this example, the specified

design goals are as follows: the steady state error should not exceed £2% for step input

commands and closed-loop stability should be guaranteed. To satisfy these requirements

10(s+0.3) 0
W, = [ s(s+8) ]

a pre-compensator

20(s+1.5)
0 s(s+1)

has been selected and the corresponding robust stability margin for the shaped plant is
obtained as 0.398 ( i.e.,y= 2.511) by solving the optimization problem of Theorem 3.2
subject to minimize the . This indicates that the closed-loop stability is ensured upto

39.8% perturbation of the normalized coprime factors of the shaped plant.

Iterative algorithm of [41] Using LMI approach
Initial guess (uo) Yopt A Yopt
10 1.8748 0.3544 1.8758
) 2.003 0.4635 2.004
1 2.2856 0.7435 2.2875
0.5 2.3742 0.8417 2.3763
0 Can not be found 1 2.5111
-0.5 2.7683 1.330 2.7697
-0.9 3.695 2.4550 3.6985

Table 3.1: 7, for different values of A

Table 3.1l shows the optimal values of « for different A\s and these results are compa-
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Outputs

Time (sec.)

Figure 3.4: a: A = 1.0, b: A = 0.8417, Cla and C1b for channel-1 output,
C2a and C2b for channel-2 output with unit step command inputs in both the
channels

rable for both the methods. For the iterative method of [41], an initial guess(ug) is set
to calculate 7,,¢. However, it has been observed that this algorithm does not work when
o < —1, and a definite guideline is needed which is not addressed in [41]. Moreover
from sequential steps of this algorithm one can not obtain v, for a fixed value of \.
Here the reverse order is followed; first ., is calculated and then, the corresponding
A is found out which is not in general practical. Meanwhile it is important to note
that, although the McFarlane-Glover method is a special case of parametric Hy, loop
shaping control, the iterative algorithm of [41] does not work when A = 1. However, the
proposed LMI technique is applicable for any choice of A and subsequently computes

the corresponding ~yop:-

The output responses for unit step command in both the channels have been shown
in Figure|3.4. For two different values of A\, the parametric H, loop shaping controllers
have been designed and their corresponding performances are demonstrated. When
A =1, the controller is similar to McFarlane-Glover H, loop shaping controller, whereas
at A = 0.8417, larger robust stability margin is obtained. Similarly, the controller can
also be designed for other values of A\ as mentioned in Table [3.1 for which the larger

robust stability margin will be obtained.
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3.7 Conclusions

In this chapter, the design of parametric H,, loop shaping controller has been refor-
mulated in LMI framework and a new set of solvability conditions is established for
the existence of such controller. Further, a correspondence is drawn with [41] and it is
shown that, the proposed technique can also impart an observer based structure of the
controller. In numerical example, the drawbacks of the method given in [41] have been
discussed and subsequently, the advantages of the proposed technique are pointed out.
Interestingly, if we change the value of A, different 4’s are obtained which are related to
performance and stability of the closed-loop system. More specifically, the parameter A
affects the bases of null-spaces for the generalized plant and subsequently the stabilizing
solution of H, controller that in turn affects performance and stability of the closed-loop
system. In order to have more degrees of freedom in design, the proposed parametric
H, loop shaping control problem can be investigated in matrix variable form instead of
a free parameter \. It may be noted that the design of McFarlane-Glover H, loop shap-
ing controller is the special case of parametric Hy, loop-shaping control problem when
the value of free parameter \ is assigned to 1. It appears that the proposed technique
will provide a foundation in understanding the solution of parametric H., loop shaping

control problem based on LMI framework.



CHAPTER 4:

Static Hyo loop shaping control

In preceding chapter, the parametric H, loop shaping control problem has been formu-
lated in LMI framework and it depicts the same structure of McFarlane-Glover method
when the parameter is set to 1. In this technique, the designed controller is with the
same order of the shaped plant. Normally this order is high and the controller is known
as full order (FO) Hy loop shaping controller. In the present chapter, an attempt has
been made to develop an alternate but a simple methodology for designing a static out-
put feedback H loop shaping controller that effectively yields a lower order controller
design method. For the existence of static H., loop shaping controller, a set of sufficient
conditions has been derived from four-block H, synthesis framework. These conditions
are formulated in LMI form, and are different from those obtained in [74-76] using the

normalized coprime factorization approach.

4.1 Introduction

In principle, the requirements for achieving the good robust stability margin, distur-
bance attenuation, reference command signal tracking and measurement noise rejection
can be handled directly by introducing the weighting functions and converting the prob-
lem into a Hs, optimization problem (discussed in Chapter 2). The H., loop shaping

method is conceptually a simple yet powerful design technique in frequency domain for
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robust control of multivariable system against perturbations. In this method, the nom-
inal plant is cascaded with appropriately chosen weights so that the frequency response
of the weighted open-loop system is reshaped in order to meet closed-loop performance
requirements. Based on this shaped plant, a robust controller is synthesized either in the
normalized coprime factor form or in its equivalent four-block Hy, framework [64, 65]
(discussed in Chapter 2). The former approach, though more general for considering
unstructured uncertainty, may not be always straightforward for controller design while
the presence of input saturation is considered in the plant. Whereas the four-block
framework in this case may provide a suitable methodology for robust controller design.
Moreover, the later approach provides a sequence of design steps when the pole place-
ment constraint is imposed in the synthesis problem [19]. As a result, there is a need
for extending the existing results based on coprime factorization approach to those in
general four-block H,, framework.

From the implementation point of view, it is quite disadvantageous as the order of
the Hy, controller is generally high and it depends on the order of the compensated plant
[65]. Several researchers have shown keen interest to design lower order Ho, controller
without sacrificing the stability margin and performance robustness of the system [16],
[65]. In this context, a novel method for designing a static output feedback H, loop
shaping controller with high performance has been reported in control system literatures
[74-76]. Exploiting the normalized coprime description of the plant, sufficient conditions
have been given for the existence of a static controller. These conditions are in LMI
form, and easy for implementation to obtain a tractable controller.

The objective of the present chapter is to develop a suitable method for designing a
static Hy loop shaping output feedback controller in four-block H, framework. In true
sense, mere replacement of the generalized plant for four-block H, framework in [76]
can not give directly the linear sufficient conditions for the existence of static controller,
and some extra effort is needed to reformulate the constraints in LMI form. This has
been done by introducing an additional matrix obtained from the stabilizing solution of
a Riccati equation. The method proposed in this chapter provides an alternate but a
simple approach for designing static H., loop shaping controller utilizing a set of coupled
matrix inequality conditions.

The rest of the chapter is organized as follows. In Section 4.2) some preliminary
results have been discussed. An alternate design technique for static Hy, loop shaping
controller and solvability conditions are presented in Section 4.3. To show the effective-

ness of the proposed method two numerical examples have been illustrated in Section
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4.4, In Section 4.5, a case study on load frequency control of interconnected power sys-
tem has been carried out to illustrate the design procedure of static Ho, loop shaping

controller.

4.2 Preliminary results

We consider the state-space realization of the compensated plant Gg =

)

Al B
C
where (A, B,C) is stabilizable and detectable, and A € R"*" B € R"*"™ and C €
R X" For simplicity, Gg is considered as a strictly proper shaped plant and D # 0

does not give any extra insight to the present work. Based on the compensated or
shaped plant Gg, a stabilizing full order (FO) controller is synthesized by following the
design procedure given in Section 2.2 of Chapter 2. For completeness of this chapter, we
again describe briefly the state-space formulation of H., loop shaping control problem
that has already been presented in previous chapter.

Let, the normalized left coprime factorization of Gg is described as M !N, where

the state-space realization of M, N is

A+LC|B L
N M- | (4.1)
¢ |o 1
where, L = —YC” is an observer gain matrix and Y is the symmetric positive semi-
definite stabilizing solution of the algebraic Riccati equation:
AY +YAT —vyCcTcy + BBT =o. (4.2)

In normalized coprime factor robust stabilization framework, the uncertainties are pre-
sented as perturbations of M and N, and the stabilizing static controller! K, is synthe-

sized by satisfying

1

€max

inf

<
K, stabilizing

= Yopt < ¥ (4.3)

[ [j ] (I —GsK,) ' M1

where, emax is the maximum achievable robust stability margin and the shaped plant

Gy is formed combining the nominal system and weighting TFM [65]. The weighting

'In order to indicate the static controller, suffix ’s’ has been used whereas in full order case (dynamic
controller), it is denoted as oo.
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matrices are chosen such that Gg contains no hidden unstable modes to ensure the in-
ternal stability of the closed-loop system. The sufficient conditions for the existence of
static Hy, loop shaping output feedback controller for the normalized coprime factor

robust stabilization problem have been stated in the following theorem [76].

Theorem 4.1 [76]: There is a static controller Ky such that (4.3) is satisfied, if v > 1

and there exists a symmetric positive definite matriz R such that
(A+LC)R+R(A+LC) <0 (4.4)

AR+ RAT —4BBT RCT —L
CR -1 I <0 (4.5)
-LT I =~

are satisfied where L is defined as in (4.1) and (4.2).

The proof of this theorem can be found in [76]. These conditions are numerically
tractable as these are deduced in LMI form. Now, related to the static controller we
also state some important results which are required to establish the main results of this

chapter.

Lemma 4.1 [7}]: With the stabilizable and detectable realization of a plant Gg =
A|B

C

inequalities are satisfied:

, there exists a static output feedback controller, if and only if, the following

AR+ RAT —oBBT <0
AR+ RAT —cRCTCR < 0

where R = RT > 0 and o > 0.

Apart from this, the necessary and sufficient conditions for the existence of static
output feedback controller that satisfies the performance bound, will be presented in

the following theorem to describe the Ho, synthesis problem.
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Theorem 4.2 [1])]: If the state-space realization of a generalized plant is

A | By | By
Py=| Cy| D11 | D2
Cy | Doy 0

where (A, By, Ca) is stabilizable and detectable, there exists a static output feedback H,
controller such that | Tow| . < v , if and only if, the following inequalities are satisfied
for R=RT >0,8=S5T">0and~vy>0:

v [ AR+ RAT RCT B
NR 0 NR 0
CiR -l Dy <0 (4.7)
0 I BT DT ] 0 I
1 11 Y
Ne 0 7| ATS+SA SB; ClT Ne 0
[ oS ) BTS  —yI DT, [ 05 I] <0 (4.8)
Ch Dy —1
R=5""! (4.9)

where, N, Ng denote the bases of the null spaces of { BY DI, ] and [ Cs Doy }
respectively. Note that, Tsq, is the transfer function matrix from w to z where these are

respectively the erxogenous and objective signal vectors.

4.3 Alternative method for static H, loop shaping con-

troller design

In normalized left coprime factorization framework, as M M*+NN* = [ and H [ N M } H
oo

= 1, the following expression can be seen in [65] (also see in Chapter 2) from where the

equivalent relationship between the two frameworks of H., loop shaping control is es-

tablished.
K —1 3,-1
||Tzw||oo = I (I_ GSKS) M

o0

:H[ Ij ] (I - GsKy) ™' M~ [ N M]

o0
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_Hli ] (I—GSKS)*[GS I]

[e.9]

Now (4.3) can be restated as, find a stabilizing controller K such that

[Towlloo = inf
K, stabilizing

5w fn ]| <o

€max

is satisfied. It may be observed in (4.10), the transfer function matrix whose co-norm has
to be minimized, has four blocks transfer functions from two exogenous signal vectors
to two objective signal vectors that explores the four-block synthesis problem related to

H, loop shaping control (shown in Figure 4.1)).

2 lWl I Gs . W, 2
¢ i /‘L-I-

Ks

Figure 4.1: Four-block synthesis framework for static Hy, loop shaping control

In the following subsection, parallel to Theorem 4.1, a new set of sufficient conditions
for the existence of static Hy, loop shaping controller has to be established from four-

block H., synthesis framework.

4.3.1 Solvability conditions

Theorem 4.3: There exists a static Hoo loop shaping controller Ks for the system Gg
such that (4.10) is satisfied, if 3 > 1, P = PT > 0 and the following inequalities hold:

AP + PAT — 3BBT pC”T

<0, (4.11)
CP —pI

AP+ PAT +vCcTcy —YyoTcp - PCcTcy B

<0 4.12
BT s (4.12)

where, Y is the symmetric positive semi-definite solution of (4.2) and 5 = (72 — 1).
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Proof: These sufficient conditions are derived in the four-block H, synthesis frame-
work. Since the coprime factors are normalized, (4.10)) is equivalent to (4.3) and we need

the generalized plant for the four-block structure ( [ 2 ] to [ 2 ] > , as shown in Fig-
w1 Z1

ure 4.1, based on which the robust stabilization problem is solved.

In Figure4.1), in order to shape the open-loop plant, the pre-compensator is selected
as W and the post-compensator is taken as an identity matrix with proper dimension.
Considering the state-space minimal realization of Gg as earlier, the generalized plant

becomes

Pgs =

o Q|
~|lo ~|o

(4.13)

B
0
0
0

o~ ol

C

Comparing (4.13) with Theorem 4.2, we have A = A, B; = [ 0 B ] ,Be=B,Cy =

¢ , D11 = [I 0 , Do = [O],ngCandDglz [I 0}.Ifthebases
0 0 1
ofthenullspacesof[Bg D{2:|:|:BTOI:|and|:CQ D21}=[C’IO}
I 0 -1 0
are taken as Np = 0 I | and Ng=| C 0 | respectively, applying Theorem
-BT 0 0 I

4.2, the necessary and sufficient conditions for the existence of static H,, loop shaping
controller are obtained as follows. The static Hy controller K exists, if and only if, the

following inequalities hold

AR+ RAT —4BBT RCT 0 B

CR —~I I 0
7 <0 (4.14)
0 I —I 0
BT 0 0 —I
ATS + SA—~CTC —SB
es <0, (4.15)
—-B'S —~I
R=5""1 (4.16)

with R >0, S >0 and v > 1.
Here, (4.14) and (4.15) are the two LMI constraints with the variables R and R™!
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respectively. To avoid inversion of the variable, the following steps are carried out
where the constraints are presented in LMI form with a new variable. Using Schur

complement form in (4.14), after some algebraic simplifications, we have

AP + PAT — 3BBT pCT

<0 (4.17)
CP —BI

where P =R and 3 = (72 — 1). Note that 3 is a positive number as v > 1. Further,

using Schur complement form in (4.15), one can rewrite (4.15) as
ATS + SA —~yOCT +47'SBBTS < 0. (4.18)

Pre and post-multiplying (4.18) by S~! and using (4.16), we have
PAT + AP - PCcTCP + BB” <. (4.19)

Since 3 > 0, (4.17) fulfills the first constraint of (4.6) but its second can not be always
satisfied by (4.19). To establish the second constraint of (4.6), one can rewrite (4.19) as

PAT + AP - pPCTCP + (3 —1)PCTCP+ BB <0

= PAT + AP - 3PCTCP < (1 - p)PCTCP — BBT. (4.20)

It may be noted that (4.20) is achieved from (4.19) and they are equivalent to each
other. For 8 > 1, PAT 4+ AP — BPCTCP < 0 is always satisfied; hence, the second

condition of (4.6)) holds for the existence of static controller.

Note that the two inequalities (4.17) and (4.19) are involved with a variable P instead
of R and R~! but (4.19) is not in LMI form due to the products of same variable. To
obtain the linear inequality condition, we introduce a matrix Y that is a stabilizing
solution of (4.2) which, in turn, results the matrix (A — YC’TC) is stable. Now, for all
P, (Y — P)I'¢TC (Y — P) > 0 that implies

~pPcTcpP <vyCcTcy -ycTcp - pctcy. (4.21)
Using (4.19) and (4.21), if

PAT + AP+ YCTCY —YCTCP - PCTCY + BBT <0 (4.22)
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is satisfied, (4.19) also will obviously be satisfied. Again from (4.2), BBT = —AY —
Y AT + YCOTCOY and replacing it in (4.22), we get

(P-Y)(A-YCTC)" + (A-YCTC)(P-Y) <0 (4.23)

The solution of the above Lyapunov matrix inequality (P —Y) = (P — Y)T > 0 exists
as (A—YCTC) is Hurwitz. In (4.22), the unknown matrix is P and it is an LMI

constraint. Using the Schur complement form, (4.22) can be rewritten as

< AP+ PAT £ yCTcy —ycTcp - pPCcTcy B ) 0
BT -1

hence, (4.12) is established. O

Remark 4.1: From (4.20) it is clear that, we may have the feasible solution P with
0 < B <1, ie., even though there exists the static controller it can not be obtained by

using Theorem 4.5.

Remark 4.2: For the stable shaped plant, another set of sufficient conditions for the
existence of static Hy loop shaping controller can also be obtained. If 3 > 0 and there
exists a feasible solution P = PT > 0 such that (4.11) and PAT + AP + BBT < 0 are
satisfied, then, there exists static Hoo loop shaping controller that satisfies (4.10).

4.3.2 Controller reconstruction

In Theorem 4.3, the positive definite matrix P is obtained by solving the following

optimization problem.

Minimize G

Subject to  (4.11), (4.12) and 8 > 1 (4.24)

From 3 = % — 1, the maximum robust stability margin <%> is calculated and since
P =~R, R is easily obtained. Here, P and 3 are the LMI variables which are involved
with (% + 1) number of decision variables. Compared to [75]-[76], the numbers of
LMI variables as well as decision variables are same with the proposed method. In this

framework, the designed control law is u = Kgy and from (4.13), the closed-loop system
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between w to z becomes

Aqg | B
T, = cl cl
Ccl Dcl
C I 0
where Ay = A+ BK,C, By = [ BK, B ] , Cy = and Dy = .
K,C Ks 0

Now using bounded real lemma, the closed-loop system is stable and ||Tyyllc0 < 7, if
and only if, R = RT > 0 such that

AqR+RAT RCT By
C.R —~I Dy | <o. (4.25)
B} DL —I

Replacing closed-loop matrices in (4.25), we have

[ AR+ RAT + BK,CR+ RCTKTBT RCT RCTKT BK, B |
CR I 0 I 0
K,CR 0 —~I K, 0 |<0. (4.26)
KI'BT I KI' —I 0
BT 0 0 0 —I
Now, (4.26) can be written in the following form
U+ oK,®+ dTKITpl <0 (4.27)
where,
- q S - 1T
AR+RAT RCT 0 0 B B RCT
CR —~I 0 I 0 0 0
U= 0 —I 0 0 |,o=|11],®2=| 0
I 0 —I 0 0 I
BT 0 0 0 —~I 0 0

The LMI (4.27) can be solved by using MATLAB LMI toolbox and subsequently the
corresponding controller K is then found out. Finally, combining weight with the static
controller K, as shown in Figure [4.1, the H., loop shaping controller W K is obtained

whose order is equal to the order of W. The design steps are illustrated below.
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4.3.3 Design steps

1. Select pre and/or post-compensator(s) to meet closed-loop design specifications.

2. Realize the shaped plant in state-space form. Solve the optimization problem
(4.24) and find P and £3.

3. From f, find ~ using the relation v = /T + 8. Then R ="' P.
4. Solve controller LMI (4.27) to obtain the static controller K.

5. The final H,, loop shaping controller is obtained as W1 K;Wy where W7 and Wy

are respectively the pre and post-compensator.

4.4 Numerical examples

Example 1[75]: The state-space realization of the shaped plant is

—0.0366 0.0271 0.0188 —0.4555 —0.4422  0.1676 0

_ | 00482 101 00024 40208 | | 35446 —7.5922 |1
0.1002 0.3681 —0.707  1.42 ’ —5.52 4.49 ’ 0

0 0 1 0 0 0 0

Applying Theorems 4.1 and 4.3, we obtain respectively v = 2.770 and 2.773. To find
these optimal values, the ‘mincz’ command of LMI toolbox has been used [37]. In
‘mincz’, the optimal value is found out by an iterative method and the numbers of iter-
ations are respectively 15 and 12, and subsequently the designed static controller gains

are [ —1.433 2.1477 17 and [ —1.4274 2.1493 ]T.

Example 2 [112]: A transfer function model of VAR compensator has been taken
into account to show the effectiveness of the proposed method. The nominal plant

model is
1

G pu—
(8) = (s £ 02120) (52 + 024925  12.55

)X

0.2307s(s + 33.56)  —3.2226(s2 + 0.0934s + 7.944)
—27.556(s + 0.2308)  3.5807(s + 1.723)(s — 1.261)

In [112], a full order (FO) Hy loop shaping controller has been designed and we consider
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W, M) for designing static Ho, loop

the same pre-compensator W = diag( S

shaping controller. For different values of a and b, the following results have been
obtained.

In this example, with minimal realization of the shaped plant the order is 7 and the
pre-compensator is with order 2. Hence, the designed full order and static controller
(W Kj) have respectively the orders 7 and 2. In Theorem 4.1, the number of iterations
is more compared to that of Theorem 4.3 and robust stability margins (y) are almost
same in both the methods. In Figures/4.2/4.5, the simulation results have been shown for
a=0.1, b=0.2. The full order controller gives better performance, whereas the responses

for static controllers which are obtained from Theorems 4.1 and 4.3 are overlapped.

a, b 01 Iteration K
Th4.1 | Th4.3 [ FO [ Th41 [ Th4.3 ] Th4.1 [ Th4.3
a=0.1, b=0.2 || 2.3572 | 2.3569 | 1.4723 28 23 (1)?818; —27218?;)5 O1..2651641 70173}82)7
a=0.1, b=0.3 || 2.2355 | 2.2347 | 1.5406 25 22 ?éggg 818(1%% 01..1520672 —0183(?(%5
a=0.3, b=0.5 || 2.3477 | 2.3476 | 1.7093 26 22 ?882; _0182(?652 01..0069984 —0182354

Table 4.1: Results of example 2

14 T T T T

Full order controller
Controller from Theorem 4.1
Controller from Theorem 4.3 |

12r

1 -

08l ¢

0.6

Output at channel-1

0.4+

0.2

0 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Time (sec)

Figure 4.2: Output at channel-1 due to unit step change in channel-1 (for a=0.1,
b=0.2)
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0.25 ‘ )
Full order controller
0.2 Controller from Theorem 4.1] |
TlLE = Controller from Theorem 4.3
o 0.15
©
2 ;
g8 0.1ff
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g 0.05(
Q
5
© o
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Time(sec)

Figure 4.3: Output at channel-2 due to unit step change in channel-1(for a=0.1,
b=0.2)

Control input at channel-1

Full order controller
-0.02 Controller from Theorem 4.1{
Controller from Theorem 4.3
-0.04 . : : :

0

20 40 60 80 100
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Figure 4.4: Control effort at channel-1(for a=0.1, b=0.2)
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T T
Full order controller
-0.02 Controller from Theorem 4.1/
Controller from Theorem 4.3

-0.04

-0.06

-0.08

-0.12

Control input at channel-2
]
o
[

-0.14

-0.16% "

-0.18F

. . . .
20 40 60 80 100
Time(sec)

Figure 4.5: Control effort at channel-2 (for a=0.1, b=0.2)

4.5 Case study: Load frequency control of inter-connected

power system

In this section, the load frequency control problem of power system has been studied.
For this system, a static Hy, loop controller is designed to ensure robustness of the
closed-loop system. The design is challenging as the system has structured uncertainty.
In simulation study, a simplified model of two-area interconnected power system has
been considered and in the following, a brief overview has been given for load frequency

control problem.

In power system, keeping the frequency within acceptable bounds requires to con-
tinuously maintain a balance between power generation and demand in presence of
some uncertainties and disturbances of the system. This security action is performed
by the load frequency control of power system that results output variations to gener-
ating units, through operation of speed governor, automatic generation control (AGC)
and also through collective decisions of operators. The main objective is to regulate
the output power of each generating unit at prescribed levels while keeping the fre-
quency fluctuations within pre-specified limits. In an interconnected power system, due
to change in load demand the frequency deviation occurs which has an adverse effect on
both the consumer and supply side and it is also cause for the fluctuation of power flow
in tie-lines. To suppress these effects, a closed-loop control scheme is required. Towards

this objective, in last few decades several methods have been proposed based on some
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classical and modern techniques [2, 15, 29] 32, 58| 85, [89]. Usually, the load frequency
controllers are lower order classical Proportional and Integral (PI) type and, are tuned
online by trial-error methods. These techniques usually do not consider the effects of
uncertainty and disturbances of the system. Recently, some robust and adaptive control
schemes have been developed to deal with parameter variation as well as to improve the
performance of interconnected power systems [12] 13, 77]. In this direction, Ho, control
becomes a popular design technique that optimally achieves the robust performance and
stability of the inter-connected power system in presence of parametric uncertainty. It
gives higher order controller which is a drawback of this method. This order is same with
the order of augmented plant and it is usually high due to presence of design weights.
The implementation of higher order controllers will lead to high cost, poor reliability
and potential problems in realization. In [12], a different technique has been proposed
to design a lower order load frequency controller with PI structure using LMI approach.
Interestingly, the lower order H, loop shaping controller proposed in this chapter is free
from these drawbacks. In power systems, the design techniques described in |64} 65] have
already been applied for robust controller synthesis and relevant to this, some research

works can also be found in the literatures [31}, [62), 115].

In this section, the LFC problem has been studied leading to two major contributions:
the application static (lower order) Hy, loop shaping controller to LFC problem and
guaranteeing stability in presence of parametric uncertainty of the system using real
structured singular value () analysis. For simulation study, a two-area interconnected
power system model has been adopted. The performance of the proposed designed
controller has also been compared with the full order H, loop shaping controller. To
analyze stability with respect to parametric uncertainty of the system, the mathematical
model is simplified to a standard LFT structure. Then, the real u-analysis has been

carried out to ensure the robust stability of the system.

4.5.1 Modeling of two-area interconnected power system

We have considered a two-area interconnected power steam plants [29, [77] whose model

in state-space form can be described as

&(t) = Amx(t) + Bpu(t) + Typ(t) } (4.28)

y(t) = Cpa(t) +d(t)
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where, x(t),u(t),p(t),d(t) are respectively the state vector, control vector, the step
change in load demand and disturbances at the output with proper dimensions. The
Afi APjy AXgy APy Afy APp AXg T, where Af; is
the frequency deviation, the turbine-generator output is AP, and AXy; is the gov-

state vector is x =

ernor output for ¢ = 1,2. The tie-line power of the system is AP;.. The outputs
y1 = AACE; = Afi + APy and yo = AACEy; = Afs — AP, are known as area
control errors. The l:?ad demand and distTurbance vectors have been considered as
p=| APy APy } and d = { di do } respectively. Now, the system matrices

for the two-area interconnected power system are given as below [29].

1 K K
T Tpa ﬁil 0 _Tlfll 0 0 0
1 1
01 T Ty 0 0 0 0
& 0 - 0 0 0 0
Ay, = T 0 0 0 —To 0 0
K 1 K
0 0 0 m T T O
1 1
0 0 0 0 -7 e
1 1
L 0 0 0 " RoTgs 0 T Tz
00 L 000 o0 —Ken 0000 0 00
B, = Tc1 I, = Tpy
0 00 0 - 0 000 —52 00
G2 P2
TS [T | T [ 1 ) 7 Ky
(sec) | (p.u.) | (sec) | (sec) | (Hz/p.u. MW) | (Hz/p.u. MW) | (p.u./Hz MW)
0.080 | 0.545 | 0.3 | 20 120 2.4 0.425

Table 4.2: Nominal values of the parameters of two-area interconnected power

system

In Table 4.2/ the nominal values of the plant parameters have been given as described
in [29]. The nominal values are same for both the areas, as for example, Tg = ngl =
T 192 = 20sec. Assuming the parameter variation around the normalized value of K is

equal to zero, the ranges of the other system parameters are considered as follows:

K
<0.06, 4.8 < =L <72 2664 <

1
0.04 < — < 3.996
—Tp Tp - ’

5=
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1 1
4.1666 < —— < 6.25, 10 < — < 15.

That is, £20% perturbation with respect to the nominal values of the parameters has

been considered.

4.5.2 State-space parametric uncertainty

In state-space model it has been observed that, there are five ratio variables from where
the uncertainty originates in the system. To capture all these distributed uncertain

parameters in a single block A, the following steps have been carried out.

The nominal state-space matrices of the system are defined as Ay, By, g and Cj.
1 Kp 1 _1
Tp’ Tp ' Ty’ Rlg
parameters 01, da, 03,94 and 5 have been considered and the state-space model (4.28)

Now, corresponding to varying ratios and i, the following five real

can be represented as

i(t) = (Ao +30 51142') z(t) + (Bo + d3B3)u(t) + (Lo + d21'2)p(t) (4.29)
y(t) = Coz(t) +d(t)

where, §; € [ -1 1 } ,t = 1,...,5. Here, =220% perturbation is considered and it

yields, the nominal values of varying ratios in A;,7 = 1,...,5, B3 and I's should be

multiplied with 0.2 to keep all the five real parameters in the range -1 to +1. Now, from

the state-space matrices A,,,, B, and I';,,, we have

_ ) -
—=o 0 0 0 0 0 0
ST,
0 0 00 0 0 0
0 0 0 0 0 0 0
A = 0 0 00 0 0 0|,
1
0 000 — 00
0 0 00 0 0 0
0 0 00 0 0 0
1 T KO T
OOWOOOO —5T131000000
B3: G1 1 7F2: P K9 )
P2
0000005T82 0000—5Tg200

and Ao, A3, A4, A5 easily can be found as we obtain A;. Now, the state equation of
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(4.29) can be written as follows:

i(t) = (Aow(t) + Bou(t) + Top(t)) + UA(A(t) + Bu(t) + Tp(t))

_ T
Where,U:[b L I I I I 17],A:[A1T AT 0 AT o AT AT |,

_ T _ T
B= [ 0000 B 00O } , = [ 00T 0000 } and the uncertainty
block A = diag( 6117, 62114, 03l14, 417, 6517 ). With this uncertainty description,

the two-area interconnected power system can be represented by a block-diagram as

A B
shown in Figure 4.6. Here, K;, = WK, = e ML\ s the H,, loop shaping

A — 7 W A

| — [

A [ o e S — 7
N = 5. |
l B U L dir) |
i (1) b l ) F i

p + Xx(1)
| n x(1) + |
| Bt Y
I I
| — Ao |
| |
B B . — |
| : ka ka + 1 |
| {C I () By |
o +T SN
o AL -
| ; PK, |
[ |
|
My

Figure 4.6: Block-diagram for two-area interconnected power system

controller that has to be designed using the method described in preceding section. To
ensure robust stability against structured uncertainty of the two-area interconnected
power system, the state-space model is represented as shown in Figure 4.6l Here, the
parameters of the system that structurally vary within a given range, have been taken
out and accumulated in a single block. This block, A is structured and essentially
indicates the uncertainty of the system and simplifies the framework for robust stability

analysis of the closed-loop system. Towards this notion, for the designed controller K,
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the real p-analysis has been carried out and the block-diagram is simplified as shown

in Figure 4.7. There an interconnected transfer function matrix M, is formed with

L M,

Figure 4.7: 1 analysis for robust stabilization

respect to the uncertainty set A and for this framework, the structured singular value

w is defined as .

minaes {0 (A) : det(/ — M,A) =0}

M(Mu) =

where, S is the set of allowable perturbations. Now, as §; € { -1 1 }, the supyecr
u(My(jw)) < 1 ensures the robust stability of the closed-loop two-area interconnected

power system for £20% perturbations of the nominal values.

4.5.3 Controller design and simulation results

From Table 4.2, we have the nominal system matrices for the two-area interconnected

power system as follows.

[ 005 6.0 0 —6.0 0 0 0 |
0  —333 333 0 0 0 0
52083 0 —125 0 0 0 0
Ag=| 0545 0 0 0 —0545 0 0
0 0 0 60 —005 6.0 0
0 0 0 0 0  —3.33 3.33
0 0 0 0 —52083 0 —125 |

T
00125 00 0 0 60 0 00 0 0 0
By = ],rozl

00 0 00 0 125 0 00O0 —-60 0 O
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100 1 00O

" 1000 -1 100

To suppress the effects of change in load demand on frequency deviation and area con-
trol error, a pre-compensator is selected to shape the singular values of the open-loop
plant. Post-compensator is taken as an identity matrix with proper dimension. The
pre-compensator contains a pole at origin to make the steady state error zero as well
as to attenuate the effect of disturbances at the output of the system. In the design

procedure the pre-compensator is selected as

1.4(s 4+ 0.5)

Is.
s(s+1) 2

The singular values of the shaped and nominal plant have been shown in Figure [4.8.

Singular Values
50

— .
—___—__singular values of the shaped plant
S~ T

singular values of the nominal plant

50 | i

Singular Values (dB)

-150 - 9

~200 L L L I
-2 -1 0 1 2 3
10 10 10 10 10 10

Frequency (rad/sec)

Figure 4.8: Singular values of the shaped and nominal plant

From this shaped plant, the robust stability margin has been calculated. For full order
controller v = 2.1466 and in lower order case (static controller case), it is obtained
4.7226. Hence, the lower order controller ensures less robust stability margin compared

to full order controller.

In Figures 4.944.12, the performance of the controllers has been studied. With 10%

change in load demand, the frequency deviation and area control error in both the
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0.05

-0.051 b i

-0.15 Bl

Area control error
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Figure 4.9: Area control error in area-1 due to 10% change in load demand in
area-1, a: full order controller b: lower order controller
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Figure 4.10: Area control error in area-2 due to 10% change in load demand in
area-1, a: full order controller b: lower order controller

areas have been shown. The full order controller gives better performance compared

to lower order controller. In case of lower order controller, there is more oscillation in
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the transient part leading to more peak overshoot and settling time of the system. The

designed static controller is

K _ | 02394 —0.0235
| —0.0222 —0.2396 |

Finally, the static Ho, loop shaping controller is obtained by combining the pre-compensator
with K. Due to slowly varying load demand in area 1, the area control error in the
same area has been shown in Figure 4.13 and both the controllers give satisfactory

performance.

-0.05 b q

Frequency deviation
|
o
.
Il

-0.15 q

-0.25 I I I
0 5 10 15 20 25 30

Time(sec)

Figure 4.11: Frequency deviation in area-1 due to 10% change in load demand
in area-1, a: full order controller, b: lower order controller

Now, we analyze the robust stability of the system in face of £20% perturbation of
the parameters. As the H., loop shaping controller is designed based on unstructured
normalized coprime factor uncertainty description, the controller can not ensure the
closed-loop stability in presence of parametric uncertainty of the system. Here, the real
p-analysis has been performed to show stability of the system. In all frequencies, if the
structured singular value (p ) of M), (see Figure 4.7) becomes less than one, it ensures
robust stability of the system within specified (+20%) parameter variation. In Figure
4.14), the p plot for both the controllers has been shown that indicates, the full order

controller can take more perturbation than the lower order controller.
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Figure 4.12: Frequency deviation in area-2 due to 10% change in load demand
in area-1, a: full order controller, b: lower order controller
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Figure 4.13: Area control error in area-1 due to 0.1(1+4sin0.001t)% change in
load demand in area-1, a: full order controller, b: lower order controller
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Mu bound

0 . . n
10 10 10" 107 10°
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Figure 4.14: pu plot for robust stability, a: full order controller, b: lower order
controller

4.6 Conclusions

In this chapter, a new set of sufficient conditions for the existence of static H,, loop
shaping controller has been proposed. The results are obtained in four-block Hy, synthe-
sis framework which is equivalent to the normalized coprime factor robust stabilization
problem. This result has been compared with [76] and from the present work, it is
obvious that the minimum achievable 7 can not be less than equal to 1.414 (since,
B> 1,7 =+/1+ ). The work is numerically attractive as the constraints are posed in
LMI form that can be solved efficiently with standard MATLAB LMI solvers [37]. In
Remark 4.2, a different set of sufficient conditions for the existence of static Ho, loop
shaping controller has also been derived for the stable shaped plant. The effectiveness
of the proposed method has been elucidated through two numerical examples. Also
note that, the proposed method may provide an alternative but a simple platform for
designing the static output feedback H, loop shaping controller for the LTI plant which
is subject to input saturation as well as for the problem with pole placement constraint.

In Section 4.5, the proposed method has been applied to load frequency control
problem of inter-connected power system to verify the efficacy of the proposed control
algorithm. The robustness of the system is ensured against the load disturbances and

parametric uncertainty of the system. To this objective, the real p-analysis has been
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performed to study the stability of the plant with structured model uncertainty. The
performance of static Hy, loop shaping controller has been compared with the full-order
H, loop shaping controller. It has been observed that the system with full order H.
controller can withstand more structured perturbation than the static (lower order) Ho,

loop shaping controller.






CHAPTER 5

Local stabilization with bounded
control inputs via Hy, loop

shaping approach

So far, the constraint on control input is not yet considered in the design problems.
In practical situations, the control input constraints to the plant can not be avoided
and needs extra care for controller synthesis. Ignoring control input constraints, if a
controller is designed and is placed in closed-loop structure, the system’s performance
will be deteriorated when large control input signal appears to the plant that exceeds the
specified bound, and even, it may cause for instability too. In this chapter, control input
bounds have been taken into account while parametric H loop shaping output feedback
controller is designed to achieve local stability of the closed-loop system. The problem
addressed in this chapter is basically a special case of actuator saturation control problem
where control inputs to the plant are never allowed to reach into saturation region. In
the proposed method, the uncertainty of the plant is presented as perturbations to
normalized left coprime factors of the shaped plant. Finally, two numerical examples

have been elucidated to show the effectiveness of the proposed method.
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5.1 Introduction

In recent years, a class of research workers has shown keen interest on the stabiliza-
tion problem of LTI plant with bounded control inputs ([44} [47, 52 110] and references
therein). Specifically, the LTI plant with actuator saturation is a practical situation
where, the design of controller to stabilize such system is a challenging task and it is
mainly directed into two approaches. In first approach, quite often the controller syn-
thesis is carried out ignoring the effects of saturation, where some retro fitted schemes
(anti-windup) and analytical methods are adopted for improving performance and sta-
bility of the closed-loop system. However, in analytical framework it is trivial fact that,
an internally stable system always explore a local stability region in state-space while it
is subjected to bounded control inputs or actuator saturation, but only challenge is to

design feedback control law that can achieve a domain of attraction large enough.

On the other hand, the second approach is involved with more complex design frame-
work where the control input constraints are taken into synthesis phase. In literatures,
several state and output feedback controller design methods have been addressed for the
stabilization of LTI plant in local or global sense [44, 47, 184]. For open-loop stable plant,
the global or semi-global stability can be achieved with bounded control inputs, whereas
in absence of open-loop stability assumption, a linear feedback controller can only re-
veal the local stability of the closed-loop system [44]. In local stabilization problem, the
involved interest is mainly to synthesize a stabilizing controller that maximizes region of
attraction and subsequently, gives an estimation of it. Meanwhile in global stability, the
region of attraction becomes the whole state-space. On the other hand, the construction
of stabilizing feedback law with constraint inputs or with actuator saturation addressed
as semi-global stabilization problem while the estimated stability region encloses a priori
given bounded set (arbitrarily large) in the state-space. Interestingly it has to be noted
that, the bounded control input problem is the linear case of actuator saturation control
problem, that is, the control inputs never go into saturation. However, if the input to
saturation element is bounded, the actuator can be modeled locally and it falls into
sector bounded stabilizing solution of control problem. In that case, all state vectors
belong to the region of attraction also satisfy the sector-bound condition which has been
addressed in this next chapter.

Here, an output feedback controller has been designed to achieve the local stability

of uncertain LTI plant with bounded control inputs. By introducing a free scalar para-

meter, the design has been performed in parametric H,, loop shaping framework where
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the unstructured uncertainty of the plant is presented as perturbations to normalized
coprime factors of the shaped plant [41) 65]. In the proposed technique, no open-loop
stability assumption is made that leads the design approach to local stabilization prob-
lem. To show the stability of closed-loop system, a quadratic type Lyapunov function
is considered and subsequently, an estimation is also provided for the region or domain
of attraction. For the existence of stabilizing controller, a set of sufficient conditions is
established in LMI form.

The chapter is organized as follows:

In Section (5.2, the local stabilization problem of LTI plant with bounded control
inputs has been described. Then in Section 5.3, the problem statements are given and
in Section 5.4, using Hs loop shaping approach the local stabilization problem has
been solved for LTI plant with bounded control inputs. It consists of two parts; in
first part, the uncertainty of the plant is not considered and in second part, a stability
bound is found out leading to establish the local stability of an uncertain LTI plant.
Subsequently, the region of attraction has also been maximized. In Section 5.5, two
numerical examples have been considered to show the effectiveness of the proposed

method. Finally, the concluding remarks are drawn in Section 5.6.

5.2 Local stability of LTI plant with bounded control in-
puts

Let us consider an LTI plant G whose state-space model is

x Tn + Dpl } (5.1)

where x,, € R, u, € R and y, € RP. We assume (A4,, By, Cy,) is stabilizable and de-

tectable, and no assumption is made for open-loop stability of the system (5.1)). The con-

trol input u, = [Un1, ..., Unm]’ is bounded where at it channel, u,; € [ —Uug; Ui } ,
ug; > 0, i =1,...,m. Without loss of generality, it can be rewritten as u,; € [ -1 1 } ,
i =1,...,m by appropriately scaling the matrices B,, and D,,. Now, considering an out-

put feedback controller

(5.2)

Uy = Cexe

Te = Acxe + B.yn }
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where x. € 1", the closed-loop system becomes
Ter = AdTel (5.3)

An B, C.

T
where, x4 = [ xl T ] € R¥t1e and Ay = )
BCC?’L 'AC + BCDTLCC

n L
Definition 5.1 [47]: With bounded control inputs as mentioned above, a dynamic
controller (5.2) has to be designed such that the closed-loop system (5.5) is quadratically
stable and subsequently, a set Dy of initial state vectors has to be estimated such that
v I(C)l € Dy, the trajectories of (5.53) converge to origin as time tends to infinity. This
problem is known as the local stabilization problem of LTI plant with bounded control

mnputs.

Definition 5.2 [47]: The set Dy is the region of attraction for the closed-loop sys-

tem (5.3) with respect to the equilibrium point origin, namely

Dy = {xgl € R . tliglo za(t) =0 Vay(0) = wgl} .

5.3 Problem statements

T 4~

+=

<2

Figure 5.1: Block-diagram for parametric Hy, loop shaping control

The nominal plant (5.1) is given whose control inputs are bounded, uy,; € { -1 1 } , 1=

1,...,m. An output feedback controller (5.2) has to be designed to achieve local sta-
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bility of the closed-loop system. To fulfill this objective, a design framework based on

parametric Ho, loop shaping control has been adopted which is shown in Figure 5.1l

In this figure, the blocks M and N are the normalized left coprime factors of the
shaped plant Gg = WoGW; where, W5 and Wj are respectively the post and pre-

compensator selected in order to meet design specifications!.

Remark 5.1: In Hy, loop shaping control (discussed in preceding chapters), the com-
pensators are selected to satisfy closed-loop design specifications like, disturbance attenu-
ation, tracking performance, robust stability margin etc. However, for local stabilization
problem as mentioned in Definition 5.1, these specifications are not the primary concern.
In case of uncertain LTI plant, the compensators have to be selected such that the shaped

plant depicts a good robust stability margin.

Remark 5.2: The loop shaping controller is @%WlKWQ whereas the controller K 1is
designed based on the shaped plant QO%WQGWL Since there is constraint on control in-
put, the singular values of the shaped plant do not remain in desired values when input
exceeds the limit, that in turn affects on controller synthesis and explores a complicated
design task. In the proposed framework, ¢ can be viewed as a tuning parameter of con-
troller gain which is selected from a given range by solving an optimization problem. The
range is selected by the designer and by changing this range, the controller performance

can be improved.

Remark 5.3: ¢ is an unknown scalar design parameter. The design framework shown
in Chapter [3 can be obtained by replacing o = A2, however it is different as \ was

considered in Chapter 3 as a known given parameter.

Let the selected post and pre-compensators be respectively

AwQ Bw2
Cw2

Awl Bwl
Cp1| O

Wy = and W7 =

where, Ay € R™w2X™w2 and A, € R"w1*"w1, Defining the state vectors of post and

pre-compensator respectively as a9 and x,,1; output of Wy as y,2 and input to Wi as

!To generalize the design framework, the post and pre-compensators have been considered.
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U1, the shaped plant Gg = WoGW7 becomes

:L"n An 0 BnCwl 0 In
T2 . By2Cn Awz Buw2DnpCu 0 Lw?2
Tl 0 0 Awt By Tl
Yw?2 0 Cw2 0 ‘ 0 Uw1l
: A|B
N N | T | (5.4)
Yuw2 C ‘ 0 U1
T
where z, = | ol 21, 2T, } . Let we assume, (A, B, C) is stabilizable and detectable.
Then, the normalized left coprime factorization of Gg = M ~'N whose state-space
realization becomes as follows [65].
A+LC|B L
N = | , (5.5)
c o1
where L = —ZCT7 is a stabilizing observer gain and Z is the symmetric positive semi-
definite solution of the algebraic Riccati equation
AZ +zAT — zcTcz + BBT =o. (5.6)

In parametric Ho, loop shaping framework shown in Figure 5.1, the parameter ¢ scales
each channel of the input matrix, however, does not alter the state-space realization
of the normalized coprime factors of the shaped plant. In this figure, considering the
objective signal vector as { 2 2 ]T and exogenous signal as w, the generalized plant

in linear fractional transformation (LFT) structure becomes

N|=

—L|yp2B

P, = (5.7)

Qle Q|
o
o~ o

Now, we assume (A, QO%B, () is stabilizable and detectable for all ¢ > 0. Then, there
exists a stabilizing controller cp%K , if and only if, the control ARE has a positive semi-
definite solution X (see Theorem 3.1 in Chapter 13). Since P, is with disturbance

feedforward structure, the controller K can be realized in an observer form and it be-
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comes
[ A-eBB"X+LC|-L

K(s) = —((p)%BTXoo ‘ 0

(5.8)

In Chapter 3, the LMI formulation of parametric Hy, loop shaping control has al-
ready been discussed. Here for the parameter ¢, the solvability conditions are again

presented for completeness of this chapter.

Lemma 5.1: For a given positive value of @, there exists a stabilizing controller (,D%K,

if and only if the following inequalities

AR+ RAT — 4oBBT RCT —L |
CR —~I I | <0 (5.9)
—LT I —I
ATS +SA+CTLTS 4+ SLC —~CTC <0 (5.10)
fd >0 (5.11)
IS

are satisfied with R = RT >0, S = ST >0, v > 0.

The proof of this lemma is discussed in Chapter [3/ (See Theorem 3.3). Interestingly
from Lemma 5.1, one can derive two ARIs if there exists the stabilizing solutions R > 0
and S > 0. Now using the Schur complement form, the following ARIs are obtained.
Here, (5.9)) is simplified as

1 1 g v v
A+ LC> R+R (A - LC> - <> RCTCR- <> LL”
( (1-12) (1—19%) (I—19%) (I—19%)
—ypBBT <0 (5.12)
and from (5.10), we have
S(A+LC)+ (A+ LC)'s —yCTC <. (5.13)

Now, after some simplifications and changing the variables X, = YR~ and Yo = 751,

(5.12) and (5.13) are respectively simplified as follows (see Section 3.4).

Koo (A= (=17 LC) + (A= (P - 1)_1LC>TXOO
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— Xeo (<pBBT (-1 LLT) X+ (2 =1)"'CTC <0 (5.14)
(A+ LO)Yo + Yoo (A+ LC)T — Y, ,CTCY,, < 0. (5.15)

It may be noted that, for an unknown value of ¢, the inequality constraints posed in
Lemma 5.1 do not remain in LMI form and subsequently, the computational complexity
will arise. In the proposed method, we keep this parameter free and considering the
controller structure as same as (5.8), an output feedback controller will be designed to

achieve local stability of the closed-loop system with bounded control inputs.

Problem 5.1: The nominal plant (5.1) is subject to bounded control inputs, un; €
[ -1 1 } , i =1,...,m. In absence of control input constraint, the compensators Wy
and W1 are selected to form the shaped plant (5.4). By satisfying the control input con-
straints, find a symmetric positive definite solution X and @ such that the controller
(5.8) will quadratically stabilize the closed-loop system, where the loop shaping controller
becomes QO%W:[KWQ. Subsequently, the designed controller also will mazimize the region

of attraction and provide an estimate of it with the least conservatism

Note that when there is no uncertainty, Aj; and Ay shown in Figure [5.1] are zero,
that implies w = 0. For this case, by solving the Problem 5.1 we can achieve the local
stability of the nominal plant (5.1). However in presence of unstructured uncertainty,
the controller K can ensure internal stability of the closed-loop system for the uncer-
tainty bound || | Ay @%A N | lloo < €maz- Without any constraint on control inputs,
for a given value of ¢ this bound can easily be found out from Lemma 5.1 and it becomes
Emazr = %Lpt But this bound is no longer applicable when constraints are imposed on con-
trol inputs. In that case, the stability conditions established in Problem 5.1 need to be
modified that, in turn, satisfy the constraints of Lemma 5.1 as well as ensure quadratic
stability of the closed-loop system without exceeding the control input bounds. From
the modified conditions, the obtained ~ will provide the uncertainty level for which the

local stability of the system is ensured.

Problem 5.2: A nominal plant (5.1) is given which has unstructured uncertainty and
it is represented as perturbations to mormalized coprime factors of the shaped plant as
shown in Figure 5.1. The control input of the plant u,; is bounded as given in Problem
5.1. By satisfying the control input bounds, find a symmetric positive definite solution

Xoo and ¢ such that the controller (5.8) will quadratically stabilize the shaped plant (5.4))
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and subsequently, it maximizes the uncertainty limit €4, and region of attraction of the

closed-loop system.

5.4 Controller synthesis

The controller structure shown in preceding section is involved with two unknown vari-
ables ¢ and X.,. The scalar variable ¢ is introduced to increase design flexibility and
it effectively scales the gain of pre-compensator in Hy, loop shaping framework. In this
section, a controller with similar structure as in (5.8) has to be designed that simulta-
neously solves the Problems 5.1 and 5.2. In order to achieve this goal, first, a set of
sufficient conditions has been derived for existence of solvability conditions of the con-
troller that quadratically stabilizes the closed-loop system with bounded control inputs
and subsequently gives an estimation of region of attraction. Then these conditions have
been modified to maximize the region of attraction. Finally, another set of sufficient
conditions are derived for local stabilization of an uncertain LTI plant leading to have

solution of Problem 5.2.

5.4.1 Local stabilization of LTI plant

Theorem 5.1: A nominal plant G is given with bounded control inputs |un;| < 1,1 =
1,...,m. By selecting proper compensators Wo and W1, the shaped plant is obtained
as WoGW7 whose minimal state-space realization and normalized left coprime factors

are respectively given in (5.4) and (5.5). For a given r, there exists a controller (@)%K

where,
A—¢BBTQ '+ LC | —L
- PBE Q7+ | (5.16)
—~():BTQ" |0
that quadratically stabilizes the closed-loop system, if
U(A+LO)" +(A+ LOYU ucTL”
(A+LC)" +(A+L0) <0 (5.17)
LCU QAT + AQ — 20BBT
Croi (Q+U)Chy; <1 fori=1,---,m (5.18)

O<p<r, @>0, U>0 (5.19)
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are satisfied where CRry; = [ O1x(nptnes) Cuwii |» Cwii is the it" row of Cy1 matriz.

The above controller can be designed by solving the following optimization problem.:

Mazimize %)

subject to  (5.17) — (5.19). (5.20)

The ellipsoid e1(P) defined as {xZZP:ncl < 1:Vog #0,P = PT >0} describes a region
of attraction where,
vt | Ut

P= o U@t

Proof: Let z. € R™ and x; € R™ are respectively the state vectors of controller and

the shaped plant where n, = ng, then the closed-loop system becomes
Ts |
Te

To prove quadratic stability of the closed-loop system, a quadratic type Lyapunov func-

A | —eBBTQ!
~LC | A—¢BB"Q ' + LC

T ] . (5.21)

Le

= jjcl = Aclxcl

T
tion V(z) = 2, Pz, is considered where, z, = { ol 2T } and the unknown matrix
P = PT > 0. In stable region of state-space, the derivative of V() with respect to
time becomes negative definite. Since, V(a:cl) = xzz (AZ;P +PA.)x, it becomes negative

definite if (AZP + PA.) < 0. Now partitioning P with compatible dimension as

P, P,
_ 11 | £12 ’ (5.22)
PL | Py
we have, AEP + PA,
| A —pBBTQ™! P Pro
| -LC A—¢BBTQ'+LC | | PL P
Py P || A —oBBTQ!
11 12 ¥ Q ' (5.23)
Ply Pp || -LC A-¢BB'Q'+LC
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S| S
Simplifying (5.23), we have AZ;P + PAy = 1| 212 where,
Sa1 | Sa2
S11 = ATPH — CTLTplg + P11 A — PoLC (5.24)
Sig = ATPyy — CTLT Py + PipA — pPyBBTQ™!
+ PppLC — P BBTQ™? (5.25)
So1 = Si (5.26)
Soy = ATPQQ — gOQleBTPQQ + CTLTPQQ — gOQleBTPu + Py A
— @PpBBTQ ' 4 PypLC — oPLBBTQ!. (5.27)

Now (AZ;P—i—PAd) < 0, if S11 < 0 and Sog —5’215’1_11512 < 0 are satisfied. In this context
to obtain S1; < 0, we choose — P}, = —Pj5 = Pj; and (5.24) becomes

S = (A + LC)TPH + P11(A + LC). (528)

Since, (A+ LC) is stable, there always exists P;; > 0 such that S1; < 0. Now, replacing
—PL = —Piy = Py in (5.22), we have

P | =P
—P11 | Py

P = . (5.29)

P will be a positive definite matrix if P;; > 0 and Pao —P11P1_11P11 = P55 — P;1 > 0 hold.
Hence to satisfy Pog > Py, we choose Poo = Pj1+V where V' is an unknown symmetric
positive define matrix. Now, replacing —P{, = —Pjs = Pj; and Py = Pj; +V in (5.25)

and (5.27), we respectively have

512 == —ATP11 — CTLTPH - CTLTV - P11A + (,DPHBBTQ_I — PHLC - (pPllBBTQ_l
= —[(A+LO)'Piy+ Pii(A+ LC) + CTLTV] (5.30)

Say = ATPL+ ATV —oQ 'BBTP;, — oQ 'BBTV + CTLT P, + CTLTV
©0Q'BBTP, + PLA+VA— P BBTQ™ ! — oVBBTQ!
Py LC +VLC + P BBTQ™! (5.31)

+ +
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For simplification, we choose V = Q! and (5.31) becomes

Sy = (A+ LC)T Py + Py (A+ LC) + (A— oBBTV + LC)TV + V(A — ¢BB™V + LC)
(5.32)
Now,
Sgg — 89157'S12 = (A — ¢BBTV)TV + V(A — ¢BBTV)

~VLC [(A+LC) Py + Pu(A+ L) CTL"V

Hence, 522 — 52151_11512 <0 implies
ATV — oVBBTV + VA - oVBBTV

~VLC [(A+LC) Py + Piu(A+ LC)] ' CTLTV <.

Pre and post-multiplying by V! and since Q@ = V!, we have
QAT —pBBT+AQ—¢BBT—LC [(A+ LC)" Py + Pi(A+ LC)] " CTLT < 0. (5.33)

Using Schur form, (5.33) can be written as

AT + AQ — 2oBBT LC
QAT +4Q 3¢ < 0. (5.34)
crr” (A+ LC)T Py + Py (A+ LC)
Inequality (5.34) can also be written as
PLlY{A+LC)T + (A+ LO)P PrCTLT ~0 (5.35)
LOP;! QAT + AQ — 2¢BBT

Defining U = Pj;' in (5.35), we have the inequality similar to (5.17). Hence, if (5.35)
holds, (AL, P+ PA.) < 0.

Since the output of Wi is the input of G, without loss of generality it can be shown that
if |yw1s| < 1, where y,1; is the output of Wi at " channel, i = 1,...,m, control inputs

never exceed the specified bounds. As y,1 = Cypi1Zwl, Ywi; can be written as follows:
T
Ywii = |0 0 Cyii O } [ o xly 2l 2l

n w2

= CRrixa,



5.4 Controller synthesis

111

T
where Cr; = [ 0 0 Cy1i O } y Tl = { ol 2l 2T 2T } and Ci,1; is the i row

w2 wl c

of Cy1. Now, defining an ellipsoid €1 (P) = {z : mZ}Pmd <1Vaxy#0,P=PT >0}

we have,
1-— xZ;chl > 0.

Using Schur complement, it can be written as

T
1 Zy
Tl P_l

:>P_1—a:clx£ > 0

Pre and post-multiplying (5.36) by respectively Cr; and C};, we have
CRixcleC]gi < CRinlcgi.
Again, at i*" channel the control inputs never exceed the bounds if

T ~T
CRixleEchRi < 1.

(5.36)

(5.37)

(5.38)

From (5.37) and (5.38), it is obvious that z. belongs to the ellipsoid ;(P) as well

satisfies (5.38)), if
CrP71CE < 1.

Using Schur complement form, (5.39) can be written as

1 Chg;

> 0.
Ch, P

(5.39)

(5.40)

Now, replacing (5.29) in (5.40) and since, Pi; = U~ and Pyy = U~ + Q !, we have

1 CRoi O1><nc
crt, Ut -U! > 0,
Onc><1 _U—l U—l +Q_1

(5.41)
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where Cg; = [ Croi  O1xn. ] = [ [lenn O1xnys  Cuwli } 01xn. } Using Schur

complement form, (5.41) is simplified as

1 C fol)
., >0 (5.42)
CRoi (Q + U)i
(5.42)) is equivalent to
Croi (Q+U)Ch,; < 1. (5.43)

In each channel the control input does not exceed the bound, if (5.43) is satisfied for i =
1,...,m. O
Remark 5.4: By solving the optimization problem of Theorem 5.1, we get a controller
that quadratically stabilizes the closed-loop system and simultaneously estimates a region
of attraction. However, it does not mazximize the region. To obtain it, one can minimize
the trace of U~' and Q="' which in turn minimizes the determinant of P, that is, the
volume of ellipsoid is maximized [14]. Also note that, the range in which ¢ is varied,

can be changed according to design requirements.

5.4.2 Maximizing the region of attraction

Defining the ellipsoid €,(P) = {zy : 2L Pry < oV zq # 0, P = PT > 0}, (5.39) can be
written as
CriP1ChH < o7t (5.44)

To maximize the region of attraction, (5.43) has to be modified by changing the variable

1

v =p  as follows:

Croi (Q+U)CE, <vfori=1,---,m. (5.45)

Corollary 5.1: The controller (@)%K, where K is as given in(5.16), quadratically
stabilizes the closed-loop system and subsequently maximizes the region of attraction, if
the optimization problem is solved as follows:

Minimize (v — @)
Subject to

U(A+LC) +(A+ LC)U ucrrt

<0 5.46
LCU QAT + AQ — 20BBT (5.46)
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Croi (Q+U) C’goi <vfori=1---,m (5.47)
O<p<r, @>0, U>O0. (5.48)

The ellipsoid €,(P) defined as {:rz;P:Ud < vl iVay #0,P = PT > 0} describes a

region of attraction where

—1 ‘ _y-1

P U
_y-1 ‘ Uty Q! )

Corollary 5.1 solves the Problem 5.1. Now we consider the unstructured uncertainty of
the LTI plant G which is presented as perturbations to normalized coprime factors of
the shaped plant as shown in Figure 5.1. In presence of control input constraint, an
output feedback controller has to be designed that quadratically stabilizes the closed-
loop system for a certain level of uncertainty bound. In preceding theorem, already a set
of sufficient conditions has been derived for local stabilization of LTI plant with bounded
control inputs, however, the uncertainty of the plant is not yet addressed. Now, a new
set of sufficient conditions will be derived that satisfies the constraints of Theorem 5.1
as well as Lemma 5.1 from where a stability bound can be obtained for uncertain LTI

plant.

5.4.3 Local stabilization of uncertain LTI plant

Corollary 5.2: A nominal plant (5.1) is given which has unstructured uncertainty
represented as perturbations to normalized coprime factors of the shaped plant as shown
in Figure!5.1. The control input of the plant u,, is bounded where |u,;| < 1,i=1,...,m.

For a given r, there exists a controller (@)%K where,

A—¢BBTQ '+ LC | -L ] (5.49)

—~():BTQ™ |0

-1
that quadratically stabilizes the closed-loop system with an uncertainty bound ( (1+ ?7)) )
if
U(A+LC) +(A+ LC)U ucrrt

<0 5.50
LCU QAT + AQ — 20BBT (5:50)
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AQ + QAT —oBBT QCT L —-QCT

cQ I 0 <0 (5.51)

LT —CQ 0 —nl
Croi (Q+U)Ch,; <vfori=1,---.,m (5.52)
O<p<r, @>0, U>0, n>0 (5.53)

are satisfied. The controller can be obtained by solving the following optimization prob-
lem.

Minimize (n+v — ¢)
Subject to (5.50) — (5.53).
The ellipsoid €,(P) defined as {CL‘Z;P:L’Cl < vliVay #0,P = P > 0} describes a
region of attraction where
vt | Ut

P= )
_y-1 ‘ U1y Q!

Proof: In absence of uncertainty it has already been proved that, if (5.50), (5.52) and
(5.53) are satisfied, the controller (5.49) quadratically stabilizes the closed-loop system
with bounded control inputs and also estimates a region of attraction as mentioned
above. For uncertain plant, the constraints of Lemma 5.1 also have to be satisfied to
ensure robustness along with local stability of the LTI plant with bounded control inputs.
Meanwhile it is important to note that, if (5.50) holds, this implies that U satisfies (5.15))
which is the second inequality derived from Lemma 5.1. Now using Schur complement

form, (5.51)) can be written as

I 0

<0 (5.54
0 n I ( )

cQ
(L' - CQ)

(AQ+QAT —oBBT)+| QCT (L —QcCT) ][

Defining o = =1, (5.54) is simplified as
AQ — aLCQ + QAT —aQCTLT — ¢BBT + aLL” + (1 +)QCTCQ <0  (5.55)

= (A—alC)Q+ Q(A - aLC)! — (¢BBT —aLL") + (14 a)QCTCQ <0 (5.56)
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Hence if (5.56) holds, @ also satisfies (5.14) which is the first inequality derived from
Lemma 5.1. Now comparing with (5.14), we have X, = Q! and v = /T +7, that
provides the robust stability margin as (/I + 1) - O

The Corollary 5.2 solves the Problem 5.2. Interestingly, all problems in this section
are formulated in LMI form that can easily be solved by using LMI toolbox [37]. In the
following section, two numerical examples are illustrated to show the effectiveness of the

proposed method.

5.5 Numerical examples
Example 1:

The linearized longitudinal dynamics of F-8 aircraft model has been considered whose

state-space matrices are given as follows [52]:

—0.8 —0.006 —12 0 —19 -3
0 —-0.014 -16.64 -32.2 —0.66 —0.5
An = ) B, = 3
1 —0.0001 -1.5 0 —0.16 —-0.5
1 0 0 0 0 0
00 0 1
C, =
0 0 -1 1

The states of the system are pitch rate (rad/sec), forward velocity (ft/sec), angle of
attack (rad) and pitch angle(rad); whereas the measured outputs are pitch angle and
flight path angle (rad). Two control inputs, elevator angle (degree) and flaperon an-
gle (degree) are subject to actuator saturation with the limits £15°. Here the design
objectives are specified as follows: the steady state error does not exceed £2% and in
presence of nominal plant uncertainty, the system stability should be guaranteed. In
order to achieve these objectives, using loop shaping concept (discussed in Chapter 2) a

pre-compensator is selected to shape singular values of the open-loop plant. The selected

10(s40.3) 0
Wl — [ S(S+8) ]

pre-compensator is

20(s+1.5)
0 s(s+1)
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and the post-compensator is considered as an identity matrix with proper dimension.

With these selected compensators, the local stabilization problem has been solved.

@ 0 (VI+n)

Cor 5.1 H Cor 5.2 \ Cor 5.1 H Cor 5.2 \ from Cor 5.2
+10° 0.9996 0.9997 128.27 3.39 0.3919
+15Y 0.9998 0.9996 291.44 4.84 0.3948
+100° || 0.9998 0.9997 || 397.26 39.78 0.3979

Table 5.1: Results of example-1

In Table 5.1, the results have been shown for different control input bounds. When
the bounding limits are increased, the estimated region of attraction is also increased.
Here the range of ¢ is chosen from 0 to 1. The local stabilization problem has been
solved using both the Corollaries 5.1 and 5.2 where Corollary 5.2 can take care of the
uncertainty of the LTI plant. The controller given below is designed for the bound
+15% which is obtained by solving the optimization problem of Corollary 5.2. Finally,

the Ho, loop shaping controller is formed by cascading the pre-compensator W; with

1 Ac | Be
(p)2K = where
Ce
2 3
—0.0001 —0.0000 —0.0016 —0.0010 —0.0047 —0.0029 —0.0008 —0.0011
0 —0.0000 —0.0005  0.0003  —0.0002 —0.0001 —0.0001 —0.0002
0.0001  —0.0000 —0.0005 —0.0002 —0.0000 —0.0000 —0.0001 —0.0002
A _ 10t 8 00001 0 —0.0000  —0.0005 0 0 0 0
c 0.6097  —0.0006 —1.3557 3.6329 —2.4362 —2.6753 —0.4996 —0.7266 4’
0 0 —0.0000  0.0000  0.0001 0 0 0
0.5101  —0.0004 —0.9552  2.8422 —1.9985 —2.0920 —0.5411 —0.7924
0 0 0.0003  —0.0002 0 0 0.0001 0
3
14.0531  —4.3022
—47.0678  11.9008
54834  —3.4309
52983  —0.1851
BC: k]
—0.3355  —0.0274
~0.2001  —0.1151
—2.7071  4.4689
~1.0314  2.6038
' #
O _1gt, 15243 —00014 33803 0.0822 —6.0885 —6.6883 —12491 18166
o 0.6377 —0.0005 ~—1.1945 3.5530 —2.4981 —2.6151 —0.6763 —0.9905
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Let, we consider an initial state vector
0 T
Tg=|7 6 1. 1 0 0 00 00 O0O0O0O0OO0O } .

For this initial condition, xngngl = 3.2526 that indicates, the initial state vector is
inside the estimated region (since o = 4.84). For this initial condition, the state responses
are shown in Figures 5.2 and 5.3, whereas the control inputs are depicted in Figure
5.4. In this case, the robust stability margin 0.3948 is ensured for normalized coprime
factor uncertainty description of the shaped plant. Note that, since the Corollary 5.2 is
involved with uncertainty of the plant, it estimates smaller region of attraction compared
to Corollary 5.1. On the other hand, if uncertainty of the plant is not considered, the
local stabilization problem can be solved via Corollary 5.1 that gives comparably larger

region of attraction. We consider

States

Time (sec)

Figure 5.2: State-1 (curve 1 in rad/sec), state-3 (curve 3 in rad) and state-4
(curve 4 in rad) of the nominal plant

T
xd = 252077000000000000],

for which wngPx(c)l = 286.59 is obtained that indicates, the state vector inside the

estimated region (since o = 291.44). For this initial condition, the state responses have
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State

-15} 4
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0 20 40 60 80 100 120 140 160 180 200

Time (sec)

Figure 5.3: State-2 (curve 2 in ft/sec) of the nominal plant

15
1 4
g 05 1
2 1
k=
on
2 of
£
°
5
G -05r 1
-1t 2 i
_15 1 1 1 1
0 2 4 6 8 10
Time (sec)

Figure 5.4: Curve 1: control input at channel-1; Curve 2: control input at
channel-2
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25

States

Time (sec)

Figure 5.5: State-1 (curve 1 in rad/sec), state-3 (curve 3 in rad) and state-4
(curve 4 in rad) of the nominal plant

been shown in Figures 5.5 and 5.6/ and the control inputs are depicted in Figure [5.7. It
may be noted that the response of control signals are all well inside the specified bounds
and never enters into saturation region.

In the following, another numerical example has been considered where, the control

input bounds are not same for each channel.

Example 2:

We consider another example where the vertical plane dynamics of aircraft model has

been considered. The state-space matrices of the nominal plant are given as follows:

[0 0 1.132 0 1] 0 0 0 ]

0 —0.0538 —0.1712 0 0.0705 121 0
A,=10 0 0 1 0 ,B,=| 0 0 o0 :

0 0.0485 0  —0.8556 —1.013 4419 0 —1.665

0 —0.2909 0 10532 —0.6859 | 1575 0 —0.0732
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Figure 5.6: State-2 (curve 2 in ft/sec) of the nominal plant

Control inputs (degree)

-4 . . . .
0 2 4 6 8 10

Time(sec)

Figure 5.7: Curve 1: control input at channel-1; Curve 2: control input at
channel-2
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The detail description of the plant model as well as closed-loop specifications are

given in [65].

type pre-compensator used in [65] and it is

2 3
24 :(tj’r 5 0 0
g 1257585 0 Z :
0 245

For solving the local stabilization problem, here we consider the same

In first and third channel, the control input bounds are +£40° whereas in second channel,

it is 410 m/sec?.

P 0 (VI+n)!

Cor 5.1 H Cor 5.2 \ Cor 5.1 H Cor 5.2 \ from Cor 5.2
+20° and +5m/sec? 0.9994 || 0.9997 | 66.20 1.2691 0.2118
+40° and £10m/sec® || 0.9998 | 0.9997 | 172.77 || 3.6733 0.2124
+100° and +20m/sec® | 0.9997 | 0.9997 || 88.33 | 11.313 0.2126

Table 5.2: Results of example-2

In Table 5.2 the results have been shown for different input bounds. The range of ¢
is taken from 0 to 1. In the following, the state-space matrices of the designed controller
has been shown which is obtained by solving the optimization problem of Corollary 5.2
with the bounds +40° and 4-10m/sec?. In Hy,
controller is (@)%WlK where,

loop shaping framework, the designed

Ac. | B #
1 c c
(p)2K = .o
A, = 10%%
2
—0.00004 0 0.00002 0 0 0 0
—0.00004 0 0 0 0 0
0.00001 0 —0.0007 0.00001 0 0 0
0.00007 0.00002 —0.00029 —0.00001 —0.00001  0.00013 0.0001
0.0001 0.00001 —0.00016 0.00001 0 0.00005 0.00003
—0.22846 —0.01304 —0.38113 —0.07754 0.14548 —0.03863 —0.03088
0.00001 0 0 0 0 0 0
—0.00244  —0.00073 —0.00492 —0.00105  0.00168  —0.00074 —0.0006
0.0000007 —0.000006 —0.0000006 0 0 0 0
0.66179 0.03142 1.0449 0.20957  —0.41373  0.08746 0.06941
0.00001 0 0.00001 0 0 0 0
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0 0 0 0
0.00003  0.00002 0 0
0 0 0 0
0 0 —0.00005 —0.00004
0 0 0 0
—0.00298 —0.00215  0.08746  0.07452 Z,
0 0 0 0
—0.00074 —0.0006  0.00111  0.00964
0.000005 0 0 0
0.00444  0.00271 —0.24128 —0.20519
0 0 0 0
3
4.06560  0.10908  —1.26337
0.10908  4.35854  —0.26391
—1.26337 —0.26391  7.62643
—7.40136  —2.04402 29.91413
—10.49870 —1.34436 16.03193
B.=8 —2.67532 —0.68614 4.35446 2,
—~1.16960  —0.08637  0.90970
—0.12415  2.65510  0.19239
—0.07959  0.66087  0.06535
—2.33792  —0.03988 —2.74258
—~1.93480  0.00380 —1.15188
Ce = 10%%
2 —0.2856 —0.0163 —0.4763 —0.0969 0.1818 —0.04828 —0.0386 —0.0037 —0.0026 0.1093 0.0931
—0.0061 —0.0017 —0.01231 —0.0026 0.0042 —0.0018 —0.0015 —0.0018 —0.0015 0.0027 0.0024
0.8272 0.03928 1.3060 0.2619 —0.5171 0.1093 0.0867 0.0055 0.0033 —0.3015 —0.2564
Now considering an initial state vector as
T

=07 06 06 0.7 06 Opar |

we have xngPacgl = 3.5646 (it is inside the estimated region, since o = 3.6733) and in
Figure [5.8), the state responses have been shown. Figures 5.9 and 5.10 show the control
inputs that never exceed the bounds. In this case, the obtained robust stability margin
is 0.2124.

Without considering uncertainty, a larger estimated region can be obtained by solv-
ing the optimization problem of Corollary 5.1 as shown in Table [5.2. We consider an
initial state vector

=15 26 26 27 2.6 01xi7 ]T,

that yields :cngPxO

c —

147.8386. In Figures [5.11, 15.12/ and 5.13, the states and control

inputs are respectively shown.
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States

Time (sec)

Figure 5.8: State-1 (curve 1 in m), state-2 (curve 2 in m/sec), state-3 (curve 3
in degree), state-4 (curve 4 in degree/sec) and state-5 (curve 5 in m/sec) of the
nominal plant

12

Control inputs (degree)

Time (sec)

Figure 5.9: Curve 1: control input at channel-1; Curve 3: control input at
channel-3
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Figure 5.10: Control input at channel-2
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Figure 5.11: State-1 (curve 1 in m), state-2 (curve 2 in m/sec), state-3 (curve
3 in degree), state-4 (curve 4 in degree/sec) and state-5 (curve 5 in m/sec) of
the nominal plant
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Figure 5.12: Curve 1: control input at channel-1; Curve 3: control input at
channel-3

Control input (m/secz)
o

0 5 10 15 20
Time (sec)

Figure 5.13: Control input at channel-2

5.6 Conclusions

In this chapter, an output feedback controller has been designed for local stabilization

of an uncertain LTI plant with bounded control inputs. The unstructured uncertainty
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of the system is described as perturbations to normalized coprime factors of the shaped
plant. The proposed technique is posed in parametric H,, loop shaping framework
where a scalar parameter ¢ is introduced to increase flexibility of the design method.
This parameter effectively scales the gain of pre-compensator. In this method, open-
loop stability assumption has not been considered that leads it to local stabilization
problem. To prove quadratic stability of the closed-loop system, a quadratic Lyapunov
function has been considered and the derived sufficient conditions are posed in LMI
form. To show the effectiveness of the proposed method, two numerical examples have

been elucidated.



CHAPTER 6

Robust control with input
saturation: H,, loop shaping

approach

In preceding chapter, the local stabilization problem of LTI plant has been discussed
with bounded control input constraint. Specifically, it is a part of actuator saturation
problem using H., loop shaping approach where control inputs never enter into satu-
ration zone. On the other hand, if maximum limit of the control input to actuator is
specified and it enters into saturation region, this situation equivalently can be treated
as a nonlinear static function that satisfies a local sector bound. Considering this fact,
a design framework has been proposed in the present chapter to achieve robust perfor-
mance and stability of the LTI plant with input saturation constraint. Two different
techniques based on polytopic linear parameter varying (LPV) approach and Popov
stability criteria have been adopted to design robust controller in H,, loop shaping
framework. The effectiveness of the proposed design techniques is illustrated through

simulation results.
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6.1 Introduction

Quite often, the robustness of an LTI plant is seriously affected by actuator saturation
and even, it may cause for instability too. To this end, a large volume of works can
be found in control system literatures where the design problem has been addressed to
achieve robust performance and stability of the system with a priori given level of ac-
tuator saturation in presence of bounded exogenous inputs ([45, 47, 52, [72, 83], 90] and
references therein). The given saturation level indicates, the maximum control input
to actuator is specified that in turn, satisfies a local sector-bound. In some synthesis
problems, this level of saturation has also been maximized subject to stability of the
closed-loop system [44] 45]. Meanwhile, with actuator saturation constraint the robust-
ness issue against uncertainty of the plant has also become an active area of research in

last few years [43] 44].

In the present chapter, using H., loop shaping approach two design frameworks have
been addressed to achieve robust performance and stability of the LTI plant when control
inputs are subject to actuator saturation. Adopting the Hy loop shaping method, the
main objective is to achieve an acceptable trade-off between the robust performance
and stability against the general unstructured uncertainty of the plant. Although, the
H, loop shaping technique provides a good design platform for linear robust control
theory, however, it is not so straightforward to apply for actuator saturation control
problem. When control inputs are saturated, singular values of the shaped plant alter
from desired location that deteriorates the performance and stability of the closed-loop
system. Moreover, in H, loop shaping framework the stability margin obtained from
linear region of saturation element is no longer applicable when control input enters into
saturation region. In this context, modification of compensators in an adaptive way may
be a remedial step to tackle the effects of saturation in H, loop shaping control, however,
it imparts a difficult task to designer. Related to this problem, some ‘retro-fitted’
schemes and ad-hoc methods can be found in the literatures. In [48], several anti-windup
schemes have been reported and their performances are compared to provide an insight
related to stability of the closed-loop system. Although, the reported techniques have
been successfully applied to some practical examples but still, these existing methods
are unable to provide a generic solution for designing a robust controller. In [78], the
loop shaping weight has been modified for constrained control inputs but it is an ad-
hoc method and no such definite robust stability margin can be specified in the design

cycle. In [20], the describing function method has been adopted to tackle the effects of
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saturation in H., loop shaping framework.

In this chapter, two different design techniques have been proposed to design robust
controller for an LTI plant with input saturation constraint. The design of H,, loop
shaping controller is carried out in its equivalent four-block framework that leads an
easier synthesis structure for saturation control problem. In the first method, the shaped
plant with input saturation has been represented as an equivalent polytopic LPV system.
Then, using vertex property of the polytopic LPV plant, H., loop shaping controllers
have been designed at each vertex of the polytope, and subsequently these controllers
are scheduled by adopting certain interpolation technique. The scheduled controller
locally ensures robust stability and Ls-performance of the closed-loop system due to
vertex property of the polytopic LPV shaped plant. Whereas in second method, the
H, loop shaping framework with input saturation nonlinearity has been transformed
into an equivalent Lur’e type system and subsequently, Popov stability criteria is used
to design a robust controller that ensures certain level of stability margin against the
unstructured uncertainty of the plant. A numerical example has been considered to

show the effectiveness of the proposed methods.
This chapter is organized as follows:

In Section 6.2, some definitions and preliminary works related to the main results of
this chapter have been presented. Section 6.3 describes the design of robust controller
in Hy loop shaping framework using LPV approach. In Section 6.4, a different design
approach is considered that transforms an actuator saturation H, loop shaping control
problem to an equivalent Lur’e type control problem and subsequently, stability analysis
is studied through Popov absolute stability criteria. In Section 6.5, a numerical example
has been considered to demonstrate the effectiveness of the proposed methods. Finally,

the concluding remarks are drawn in Section 6.6.

6.2 Preliminaries

Some preliminary results relevant to the design techniques proposed in this chapter are
presented. These will be required to develop main results of this chapter. In first part,
the preliminary results on LPV system have been demonstrated, whereas the later part

briefly provides a description on Lur’e type system.

An LPV system can be represented in its state-space form where the system matrices
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are the function of some varying vector of real parameters. We consider an LPV system
(6.1)

where x,u and y are respectively the state, input and output vectors and 6 is the time

varying vector of real parameters.

Definition 6.1 [6]: The time-varying parameter 0 is said to vary in a polytope §)
of vertices wi,...,wy if 0 € Q := Co{wr,...,w,} where, r is the number of vertices of

the polytope.

Definition 6.2 [6]: An LPV system is polytopic when the state-space matrices are

dependent on 0 through an affine relation and the parameter vector 6 varies in a fized

polytope.
We now consider the state equation of an unforced LPV system
&= A(0)x (6.2)

where 6 lies in a compact set and A(f) € R"*™. The quadratic stability of the system
(6.2)) can be stated as follows:

Lemma 6.1 [10]: The system is quadratically stable over the compact set Q in which
0 wvaries, if there exist P € ®"*" P = PT >0, such that for all 0 the inequality

AT()YP+PA®B) <0 (6.3)
holds.

Definition 6.3 [10]: The Ls-norm of a quadratically stable LPV system (6.1) can
be defined as

IGl=sup sup 22 (6.4)

0 ||ul|2740, ueLa [[ull2

where S is the compact set. y and u are respectively the output and input vectors.
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Now, a generalized LPV system for the quadratic Hso-performance problem has been

considered as follows:

= A(0)r + B1(0)w + Ba(0)u
z = C1(0)x + D11 (0)w + Dr2(0)u (6.5)
Yy = 02(9)$ + D21(0)w + DQQ(Q)U

where x, z, y, w and u are the state, objective signal, measured output, exogenous signal
and control input vectors respectively. The state-space matrices are parameter depen-
dent with compatible dimensions and 6 belongs to a compact set. In other words, the
system matrices depend on the time varying vector #(¢) that is assumed to be measured
Ac(0)  Be(0)
Ce(0) De(0)
in independence on 6 to the actual plant such that the closed-loop system becomes

or estimated in real time. The designer will seek a feedback controller

quadratically stable and the Lo-induced norm of the system between w to z is bounded

T
c

Acl(e) Bcl(e)
Ca(0) Dy(0)

T
by v. If Dos = 0, combining the state vectors x and x. as x4 [ 2Tz } , where z. is

state vector of the controller, we have the closed-loop system where,

A+ ByC.Cy ByC,

Acl =
B.Cy A,

) c =

B1 + ByD.Doyy
B.Dy; ’

Cyq= [ Ci1+ D19D.Cy D15C, ] and Dy = D11 + D12D:Doy.

The dependence on # is omitted for brevity. Now, the quadratic H., performance prob-

lem for the above mentioned closed-loop LPV system can be stated as follows.

Aq(0) By(0)
Ccl(e) Dcl(‘g)
performance v, if and only if, there exist a matriz P = PT > 0 such that it satisfies

Lemma 6.2 [6]: The closed-loop system has the quadratic Hqo

AT(O)P 4+ PA4(6) PBa(6) CL(0)
BI(9)P —yI DL [ <0 (6.6)
Ccl(g) DCI(H) —")/I

for all 6 € Q.
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Remark 6.1: Applying the bounded real lemma, the quadratic Hy, performance prob-
lem has been posed in an inequality constraint as shown in (6.6), where the parameter
independent single Lyapunov solution P has been considered for the LPV system. The
equivalent condition for parameter dependent Lyapunov solution P(0) can be found in
15, [10] that yields infinite number of LMI constraints for ensuring the quadratic Hoo
performance 7. Interestingly for polytopic LPV plant, (6.6) is reduced to a set of finite
number of LMI constraints. Using the vertex property of the polytopic LPV plant it can
be said that, for a single Lyapunov function if (0.6) is satisfied at each vertex of the
polytope, all plants that lie in that polytope also will satisfy (6.6) for the same Lyapunov
function [6].

Theorem 6.1 [6]: For the polytopic LPV plant described as

A(0) B(0) c Co A B\ _ [ Alwi) B(w) . ; 67
C(0) D(6) c, D ) Clw) D) | TS (6.

the following statements are equivalent:
1. The LPYV system is stable with Hso quadratic performance vy ;

2. There exists a single Lyapunov solution (parameter independent) P = PT > 0

such that
AT(9)P + PAH) PB(9) CT(H)
BT(9)P —~yI DY) | <0 (6.8)
C(0) D) —oI

for all trajectories of 0 in the polytope;

3. Lyapunov solution P satisfies the system of LMIs

ATP+PA; PB; CF
B'p —yI DI |[<0,i=1,...,r (6.9)

()

C; D; —I

Finally, we present the solvability conditions for the existence of an LPV controller
in convex optimization framework [6]. Considering the generalized plant (6.5), we as-
sume i) Dog = 0, ii) Ba(0),C2(0), D12(6), D21(0) are parameter independent and iii)
(A(0), B2(0),C5(0)) is stabilizable and detectable for all the trajectories of . Now, if
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the parameter trajectories are in the polytope © = {>°7 | quw; 1 o > 0,> 7 | o = 1},

the following theorem can be stated as follows.

Theorem 6.2 [6]: Let the above assumptions be fulfilled. Then, there exists an LPV
controller with the quadratic Hs performance bound ~y for all the parameter trajectories
in O, if and only if, there exists two symmetric matrices R and S such that the following

LMIs are satisfied for everyi=1,...,r.

T ( AR+ RAT RCL By,
Nr O Nr O
CuR —’y[ D11, <0
0 I T T 0 I
By; Dy =1
Ns 0 - S Ns 0 (6.10)
0 I 0 I
Chi Dy —I
R I
>0
I S
/
where N and Ng are the bases of the null spaces of [ B2T D?Q } and [ Cy Doy }

respectively.

We now describe the structure of a Lur’e type system which will be required to

establish the second design technique of this chapter.

Lur’e system [53]

w
. JItT %
plant
b 0() q

Figure 6.1: Block diagram for Lur’e system

A Lur’e system is a feedback system whose forward path consists of an LTI plant,

and an uncertain nonlinear element that satisfies a sector-bound constraint is connected
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in a feedback path. In state-space form, a Lur’e system can be described as follows.

&t = Ax+ Bpp+ Byw
qg = Cyx

z = CLx

where, p;(t) = ¢i(qi(t)), ¢ = 1...,n,,p(t) € R and, ¢; satisfies the sector condition
0 < qi¢i(qi) < i Vg € R

6.3 Robust H, loop shaping controller design with input

saturation constraint: polytopic LPV approach

In Figure 6.2, the Hy, loop shaping design framework with input saturation has been
depicted where W is the pre-compensator selected in order to satisfy the closed-loop
design specifications. The effect of saturation is not considered in pre-compensator
selection and without loss of generality, the post-compensator is taken as an identity
matrix with proper dimension. The block-diagram shown in Figure6.2/is the equivalent
four-block synthesis framework for Ho, loop shaping control (see Chapter 2) where w =
[ wi wl }T and z = [ 2 A }T are respectively considered as the exogenous and
objective signal vectors. In absence of saturation nonlinearity, the robust controller K,
is designed to ensure the internal stability of the perturbed normalized coprime factor
shaped plant G, = (M + Ay) (N + Ay) (see Figure 2.3) where the nominal shaped
plant is Gg = GW = M~!N. The controller is designed by satisfying the following

Koo
1

where v is the performance bound. Unfortunately, this bound is no longer applicable

constraint [65]:

(I - GSKOO)_l Mt

inf
Ko stabilizing

<

1
-=7 (6.11)
€

oo

when the system operates in saturation mode. The objective of this section is to provide
a systematic design procedure for H., loop shaping control that depicts certain level of

robustness in presence of input saturation constraint.
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Figure 6.2: Four-block synthesis framework for Hy, loop shaping control with
input saturation

Let us consider the state space models of the nominal plant, G(s) as

Ty = Apn + Boug, (6.12)
and the pre-compensator, W as

Ty = AwTw + Bulw (6.13)

Yw = CwTyw + Dty

where, x,, u, and y, are respectively state, control input and output vectors of the nom-
inal plant and x,,, u,, and y,, are the state, input and output vectors for pre-compensator
W. Here, we also consider the decoupled, sector-bounded, static saturation nonlinearity
with an assumption, at j* channel the maximum input to actuator is Ywmaz,j- The
maximum limit yields, the control input does not exceed the bound and it is assumed

to be known to the designer. sat(y,,) is the saturation function and for m number of

T
channels, it becomes SAT(y,) = [ sat1(Yw1), - Satm(Ywm) ] where the input

T
vector is Yy, = [ Ywls -+ >Ywm ] . The saturation nonlinearity in normalized form

can be defined as follows:

-1 Ywj < _17
satj(Ywi) = ¢ Ywj  |Ywsl <1, (6.14)
+1 Ywj > 1.

Graphically the nonlinearity has been shown in Figure 6.3/ and as the maximum control

input in each channel is specified, the corresponding slope (3; at 4t channel is also a
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known quantity to the designer.

satj (Ywy)
i
1 : P
“Ywmax,j _q ////3//
////3*// 1 ywmax,j Ywj
ﬁ/; ,,,,,,,,, -1

Figure 6.3: Saturation nonlinearity: w,; is the 4t output of the pre-
compensator (input to the j** actuator)

Let us define, sat;(yw;) = 0;yw; where, j =1,...,m and 6; is defined as
1
Vg Ywj > 1’
0j=1q 1 ywi| <1, (6.15)
_yu;j yw] <-L

Here, 0; is a function of y,;. In the sequel, as —Ywmaz,; < Ywj < Ywmaz,j, it im-
L < 0; < 1. In other way, 3; < ¢; < 1 and for the multivariable sys-

Ywmazx,j

tem with m number of input channels, it can be written as SAT (y,) = Oy, where,
T

plies

O =diag(1,...,0m) and Y = | Yu1, --- Ywm

Proposition 6.1: In H., loop shaping framework, the shaped plant is obtained by
cascading the nominal plant G with the pre-compensator W and they are described in
(6.12) and (6.13) respectively. The shaped plant can be expressed as an equivalent poly-
topic LPV system when saturation nonlinearity appears in between the pre-compensator

and nominal plant.

Proof: As shown in Figure 6.2, in H., loop shaping framework without considering
the saturation constraint the shaped plant is GW but in presence of saturation nonlin-
earity, using (6.12), (6.13) and SAT (yw) = Oyu, the state-space model of the shaped



6.3 Robust H, loop shaping controller design with input saturation
constraint: polytopic LPV approach 137

plant can be derived as follows.

Ty = Apn + BpOCyu2y + BnOD Uy
Ty = ApTy + Byl (616)
Yn = Cpxp + DpOCyxy + Dp© Dy,

S BS .

Now, if the shaped plant is defined as [ , from (6.16) the state-space matrices
are as follows:

A= = (1-e)[0 ~C, |

B, = = I-0)(-D, 6.17

. . (1-0)(-Dy) (6.17)
C, = [ C, D,OC, } - [ C, D,C. } + D, (I —©) [ 0 —C, ]
Ds=D,0OD,, = D,Dy + D, (I —0)(—Dy)

where, (I —©) € %™, Further, we define ® = (I — ). Since 5; <0; <1,0 < ¢; <
(1 —Bj), where
& = diag(o1, ..., 0m). (6.18)

Replacing (I — ©) with ® in (6.17), we have

= A+ By®Cy, Bs = B+ By®D,,
s + boPCy, Ds +00} (6.19)

A
Cy =C + D®Cy and Dy = D + DPDy,

where A, B,C, D, By, Cy and Dy can be easily obtained by comparing (6.19) with (6.17).
In (6.19), the state-space matrices are dependent on ® through an affine relation where,
® belongs to a given polytope as [3; is known in each channel, and hence using the Defi-
nition 6.2, the shaped plant along with the nonlinearity can be considered as a polytopic
LPV system. (]

Remark 6.2: The shaped plant with saturation nonlinearity has been represented as
a polytopic LPV system in (6.19). From linear differential inclusion (LDI) result [1])],
it is true that all trajectories of the nonlinear shaped plant can be represented by trajecto-
ries of the polytopic LVP system. However, the converse is not true. Some trajectories

of (6.19) are not the trajectories of the nonlinear shaped plant and hence, some con-
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servatism is imposed in the design when the nonlinear plant is described as a polytopic
LPV system.

Theorem 6.3: Let the nominal plant and pre-compensator are strictly proper and
—~Ywmaz,j < Ywj < Ywmaz,; 15 the known bound for jth channel where j = 1,...,m,
then the shaped plant with input saturation can be represented as a Polytopic LPV sys-
As Bs
Cs

tectable for all ® in the polytope Q) = {23:1 ow; oy > 0, Ef;nl o = 1}, where By =

- 0
B =
ll=ll2 T T T T

T
with SUPyeq SUD w420, wels Mol <7 where z = [ z2i % } and w = [ wi Wy ]
(shown in Figure [6.2), if and only if, the following matriz inequalities hold for every

i=1,...,2m

T
Nr O
0 I

tem as defined in (6.19). If the triplet (As, Bs, Cs) is stabilizable and de-

and Cy = C = { C, 0 }, there exists an LPV controller for v > 1

AyR+ RAGT R[o GT} [o B

0 I
S - [o 0] (NS 0)<0 (6.21)

0 0
T

R I
(I S)zo (6.22)

where, R >0, S > 0, Ng and Ng are the bases of the null spaces of [ BT T 0 ] and

T
Ng 0 [p
BT
0 I

and

[C’ 1 O} respectively.

Proof: It is assumed that the nominal plant and pre-compensator are strictly proper.

Hence, referring to the state-space models defined in (6.12) and (6.13)), we have D,, =0
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and D, = 0 and from (6.17), B, = B =

Oy =C = [cn o} and Dy = 0
w
are obtained. From Figure [6.2, the generalized plant for Hs, loop shaping control in

four-block synthesis framework can be obtained as

T = AT + Bws + Bu

Z1=U

. (6.23)
zZ9 = Cz + wq
Y = Cz+ w1
T
where, Tz = [ zl 2T and y = zz. Comparing (6.23) with (6.5), we have A =

- ~ 0 ~ 0 0 I
A57B1=[0 B]732=B,C1= - |, Co=0C,D11 = , D12 = , Do =
C I 0 0

[ I 0 } and Dyo = 0. Since the control input is bounded in each channel, from Propo-
sition 6.1, it is obvious that ® will be in a given polytope 2 where w; = 1,...,2™ are
the vertices of the polytope and it depicts (6.23) as a generalized polytopic LPV system.
As it satisfies all the assumptions for Theorem 6.2, the theorem can be applied di-
rectly for the generalized plant (6.23) in order to obtain the conditions (6.20)-(6.22) and
this in turn, ensures the existence of a stabilizing controller with a performance bound

5. O

Remark 6.3: The pre-compensator and nominal plant are assumed to be strictly proper
in order to satisfy the assumption (ii) of Theorem 6.2. In [6], a technique has been dis-
cussed where the assumption (ii) is enforced by pre and/or post-filtering the control input

and/or measure output of the generalized plant.
Controller construction

For m number of input channels, the polytope has 2" number of vertices and in Theo-
rem 6.3, the numbers of LMI constraints are (2714 1). If the solvability conditions are
satisfied, we have R, S and « and this, in turn, indicates there exists an LPV controller.
The idea is now to construct controllers for the vertices of the polytope and to use a

convex combination of these controllers for an arbitrary point of the convex polytope.
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Let the LPV controller A(®) be

(6.24)

and it will be obtained by following the procedure given in [6]. From (6.23) and (6.24),

the closed-loop system becomes

z A+ BD.,C BC.|BD. B T
Ze | _ Bcc? A. | B, 0 Te (6.25)
Z1 DCC CC Dc 0 w1
Z9 é 0 I 0 w9
m.cl = Acl'fcl + Bclw (626)
z = C(cl'fvcl + Dclw
T T
where x. is the controller state, x4 = { 7T :UCT } , W = { wlT wg ] and z =

T
[ le 22T } . Here, the dependence on & is not shown for simplicity and A, By, Cy
and D, are the closed-loop state-space matrices with proper dimensions. Now, these

matrices can be written as follows:

Ay = A8 + B¢AIL, B, = BS + B¢AFE>, (6 27)
Co = C§ + E12AlL, Dy = D + E12AFEy '
where,
A; 0 . |0 B . 0 0 . oo
Af = , By = , Lo = ~ , D§ =
0 0 0 0 C 0 I 0
0 B I 0 0 0 I (6.28)
B¢ = , I = - , B9 = , Fio =
I 0 C 0 I 0 0 0

B¢, 11, Es1, E1o are parameter independent and the state-space matrices A, Be, Cop and
D,; are the affine functions of A. Now, after having the two stabilizing solutions R and S

from Theorem 6.3, the closed-loop Lyapunov matrix P correspond to (6.26) is obtained
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as the unique solution of the following linear equation (see Appendix-B)

S I
: —P

where M and N are full rank matrices with MNT = I — RS. When P is known, at '

vertex the controller A; is calculated by solving the following matrix inequality which is

I R

§ 6.29
0 N7 (6.29)

obtained from Lemma 6.2.

Ag(wi)P—FPAcl(wi) PBcl(‘Ui) Cg;(wz)

BT (w;)P —yI  DI(w;) | <0 (6.30)
Cer(wy) Dj(w;) —I

where, A, B, Ce, Do are the closed-loop state-space matrices as defined in (6.27)-
(6.28) and w;,i = 1,...,2™ are the vertices of the polytope. The controller LMI can
easily be formed from (6.30) (see Section A.1lin Appendix-A) and 2™ number of con-
trollers are designed at vertices of the polytope. These controllers are scheduled based
on a strategy when ® varies in the given polytope [6] (see Section [A.2 in Appendix [A).
Finally, combining pre-compensator with A(®) the LPV H, loop shaping controller is

obtained.

Remark 6.4: Since (6.23) is a generalized polytopic LPV system, using vertex property
presented in Theorem 6.1, the performance bound 7y is ensured in the given polytope €.
The controllers at each vertices are designed off-line and based on the varying parameter
in the polytope, the controllers are interpolated. The designed controller is also a poly-

topic LPV controller.

Remark 6.5: The ~ is obtained for all the shaped plants that lie in a given poly-

1

tope. Hence, v~" accounts robust stability margin for the normalized coprime factor

uncertainty of the shaped plant when input saturation remains in a pre-specified limit.

6.4 Robust controller design with input saturation using

Popov stability criteria

In this section, using H loop shaping approach a different design technique has been

proposed to achieve robustness of an LTI plant with input saturation constraint. Like
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in preceding section, here it is also assumed that in each channel, the maximum in-
put to actuator is limited that indicates, the saturation nonlinearity satisfies a local
sector-bound. With this sector-bound condition, the H,, loop shaping synthesis frame-
work has been transformed into an equivalent Lur’e type system and then, adopting the
Popov absolute stability criteria a robust controller has been designed to ensure certain
robustness. Here, the upper bound of Ls-gain between the exogenous and objective
signal is minimized to improve the performance and stability of the closed-loop system.
This effectively yields the robust stability margin for normalized coprime factor uncer-
tainty description of the shaped plant. The design constraints are formulated in BMI
framework [9].

Note that, the BMI design constraint is well-known in robust control theory. How-
ever, the complexity due to its non-convex characteristics makes it hard to apply BMIs
to control synthesis problems. Even though several algorithms have been proposed, their
performances depend on how to relax given BMI problems. Iterative method is one of
the simplest technique that can be adopted for solving BMI problem but no conver-
gence algorithm is yet addressed that can reduce the computational burden [105]. The
existing algorithms all are iterative in nature, and the basic idea lies in the technique to
convert the BMI constraint into LMI form by fixing some variables. One such popular
algorithm is the V-K iteration [8, 9]. In this algorithm, the first step employs a convex
optimization problem to find out the Popov parameters by fixing the controller matrices.
On the other hand, K-iteration is the synthesis step, where the controller matrices with
optimal performance bound are found out by fixing the Popov parameters. However,
in the present work we have used the LMI based iterative method tom solve synthesis
problem with BMI constraints. This LMI based iterative method helps to analyze the

convergency of V-K algorithm.

6.4.1 H, loop shaping control with input saturation: Lur’e type sys-

tem representation

Figure 6.4/ depicts the equivalent four-block synthesis structure for H., loop shaping
control which is already shown in Figure [6.2'. Here, we consider the state-space mod-
els of nominal plant G and pre-compensator W as given in (6.12) and (6.13) respec-
tively. The dimensions of state-space matrices are given as follows: A,, € R"*"~ B, €
Rrnxm -, € RwXMn D, € RMIM A, € RwXte B e RwXm oy, € R D, €

'Here, the position of exogenous input vectors w; and wy has been interchanged, however, it does
not lose any generality (see Section 2.4 in Chapter [2)).
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21

Figure 6.4: Four-block synthesis framework for Hy, loop shaping control with
input saturation constraint

R™>™_ In normalized form, the saturation nonlinearity has been defined in (6.14).
Now, the block-diagram shown in Figure 6.4/ has to be transformed into a Lur’e type
system by replacing the saturation block with dead-zone nonlinearity in combination
with a linear part that has been shown in Figure 6.5 [45].
Defining the dead-zone nonlinearity as dzn(y,), we have u, = sat(yw) = Yo —

dzn(y,) and at j* channel, if the saturation nonlinearity satisfies the sector condition
it < 80t (Yui)Yuwi < Yis

where 3; = —L__forj=1,...,m, we have

Ywmaz,j
92 < —sat; (Vg < B0,
wj = G\ Ywj)Ywj = —PjYw;

= 0 < Yo (Yo — 50t5(yuw;)) < Y (1 — 5))
= 0 < yuj dan(yu;) < ya; (1= B;).

For simplicity, we assume that the maximum bounds of input signals at each channel are
same and it iS Ywmaz,j = v for j =1,...,m and 8 = % In Figure 6.5, we have defined
zs = Yy and output of the dead-zone nonlinear element is w;. Then, considering the

T T T, T T]T

objective and exogenous signal vectors respectively as [z] 21 2117 and [w! wl wT]T,

and assuming D,, = 0, we have a generalized plant

Ty = Agxs + Bgsws + B w + Byu
zs = Oy, Ts

2= Cuars + Dy 2w + Dysw + Dysu
y = Cyzs + DgsywS + Dyyw

(6.31)
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Vel WL/L Vw=2s _/ Ws Wy 2o
+ Uw J Yn l‘l'
- W G ]

+ +

K

oo

Figure 6.5: Four-block synthesis framework for Hy, loop shaping control with
dead-zone nonlinearity

where, x5 = [z1 D17 y = 20, u =21, 2z = [2 21" and w = [w} wT]T. The matrices
-B,

Bgs, Dgs » and Dgsy are obtained respectively by multiplying B,,, = , Dyyz =

0 " ] and D, , = —D,, with (1 — 3) and the structure of the matrices are shown

below:
Aa _ An BnCw 8 _ _(1 - ﬁ)Bn Be _ Onn X1y Onn Xm
Y Ws I w ?
Onw XNy, Aw Onw Xm Onw XNy Bw
0 C D,C,
Bu _ N XM ,CZS = |: Oann Cw i| s CZ = n n“Yw ’
w Omxnn Omxnw
—(1-p3)D 1 0
Cy = [ Cn Dncw ] ’Dgsz — ( B) n ’Dwz — Ty Ny Xm 7
Ome Oany Ome

0
Duz - [ TL;X’m ] 7D5;Sy = _(1 _B)Dna Dwy = [ Iny Onyxm ] .
m

Note that after scaling, the nonlinearity d'zgj_(gs)j ) remains in the sector bound [0 1].

Let us consider the state-space model of the controller as

(6.32)

e = Acte + By
u=Cexe+ Doy

where, z, € Rntnw=ne) ig the controller state vector and A,, B,, C., D, are with
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proper dimensions. Combining (6.31) and (6.32), the closed-loop system becomes

& Ao+ BuD.Cy  BuCe | Bi, +BuDcDlly | BS+ BuDcDuy s
e | B.C, A, B.Dj., BeDyy e
Zs Czs 0 0 0 Wg
z C.+ DuchCy D,.C. Dgsz + DuchDgsy Dy, + DuchDwy w
Now, considering the closed-loop state vector as x4 = [z] x!]7, in state-space model it

can be written as
iq = A%y + BE ws + Biw
Rs = Czcixcl (633)

where,
i | At BuDCy BuCe| Ly _ [ Bi.+ BuDcDiy
B.C, N B.DY., 7
B, + B,D.D
= | Tv T T 08 = | Gl O 1O = | Cot DDy DusCe |
cwy

D¢ =D .+ Dy.D.DS . D, = Dy + Dy DDy

wsY?

In block-diagram form, (6.33) can be represented as follows:

dzn ()
(1-p)

s

W LTI Plant z

Figure 6.6: Lur’e type system

Note that, the system shown in Figure 6.6/is in the form of a Lur’e system (see Figure
6.1). Now in synthesis framework, a controller (6.32) has to be designed such that the
robust stability will be ensured leading to minimize the Lo-gain between w and z. In

order to achieve this objective, the Popov absolute stability criteria has been adopted
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with a Lyapunov function of the following form [14]

-l
o iTel

Vi) =hPra+2) 6 [ 7 6(00c (6.34)

j=1 70

where, Ci,j is the j™ row of the matrix C¢, j=1,...,m and ¢;(.) = d(zl@é))

6.4.2 Controller synthesis

The system described in (6.33) is the equivalent Lur’e type system representation of
the Hy loop shaping control framework when input saturation is taken into account.
Note that, the minimized upper bound of Ls-gain between w and z will account (inverse
of this gain) the robust stability margin for the normalized coprime factor uncertainty
description of the shaped plant when control input does not exceed the pre-specified
saturation level. To minimize Lo gain between w and z, the following theorem is pre-

sented.

Theorem 6.4 [14]: The upper bound on the Lo-gain between w and z is finite if

there exists a Lyapunov function in the form (6.34) and satisfies

cl aTl T ~el dT ~aT cl T ryel aT
PA 4+ AT p 4t e At ety 4 pBA 4o D 4 odtT
TCCZ‘ACZ 4 BCZ‘TP—I— Dcl‘ chl +TCCI. chl‘Bcl‘ 4 Bcl‘chl‘TT 4 Dcl‘ TDcl‘ 9T
Zs ws Wz z Zs zs P Ws W Zs Ws 2 Ws 2
Bd'P + D, o B cdy + p Dt

Pr+ Ci i
Yod B+ pt Tpd | <0 (6.35)
Dngchjz - ’}/21
where ¥2 > 0, T = diag(&1,...,&n) > 0 and T = diag(T1, ..., Tm), and the bound can be

obtained by solving the following optimization problem:

Minimize ~>
(6.36)
Subject to (6.35),P >0,Y >0,7 >0
Proof: See Section|A.3/in Appendix Al O

In Theorem 6.4, a sufficient condition has been presented for the existence of the Lya-
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punov function of Lur’e type leading to ensure absolute stability of the system (6.33) by
minimizing the upper bound of Ls-gain between w and z. The unknown variables are
symmetric positive definite matrix P, T" and the scalar terms &;, j = 1,...,m which are
placed with the integration term as shown in (6.34). The existence of feasible solutions
yield the existence of (6.34) that in turn, establishes a sufficient condition for absolute
stability of the Lur’e system (6.33). Furthermore, by solving the problem (6.36) in LMI

framework one can easily find the Lo-gain 7.

Remark 6.6: Note that, when the controller matrices (A, B.,C. and D.) are known,
(6.36) is an LMI problem that provides an analytical framework for LTI plant with in-
put saturation constraint. However, applying this theorem the controller (6.32) can not
be synthesized straightforwardly as (6.36) consists of some product terms involving with

unknown matrices A, Be, C. and D..

In the following, a procedure has been given for designing a strictly proper controller
(D, = 0)[9]. Note that, with unknown A, B.,C., T, P and =, (6.35) is a nonlinear
matrix inequality constraint. After some simplifications and changing the variables, this
problem can be formulated into the BMI framework. To obtain it, first, the nonlinear
constraint (6.35) has to be rewritten in such a way that the variable matrix A, will be
eliminated. In the following steps, this procedure has been illustrated in detail. From
(6.33) (with D. = 0), we have

. [ On
I,

Onn
andJ:[ exme

Ne

Aa BuCc
BcCy OnC XNe

cl

Ac| Onpsn, I, | = Ao+ 747 (637)

A, B,C.

. Replacing A% = Ag + JA.JT in
BCCy OTLC XMNe ‘

where Ay =

(6.35), we have

PAg+ ATP + c7 e ATed™r + P + ¢4 D+ cd'T
YCd Ag+ B P+ D cd v+ TCd YCdBY + B oy + D " DY, — o
T T T T T
Bd" P+ DY, Ce Bd Cd' Y+ DE DS

PBy + 027 Dy
vos By + 0D

Dngthfz - '72[
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PJ
+| oty AC[JT Onexm Opost(ny )

O(ny—l—m) XNe

J
aTl
1 Omn [ AT[ TP TTCETY 0y | <O (6.38)
O(ny—l—m)xnc
Note that, C¢J = Oy, and defining 17 = { JTP 0psem Onex (ny+m) } and 27 =
[ JT Onoxm One x (ny+m) }, (6.38) can be written in the following form
U+ 1427 + 24T < o0, (6.39)

where W is the first term of the inequality (6.38). Now, taking the orthogonal comple-

ments of ITI7 and =7 respectively as

P_IJJ_ 0 0 J. 0 0
I, = o I, 0 andZ, =| 0 I, O ,
0 0 Iiny+m) 0 0 Jmym)

and applying the elimination lemma (see Chapter 1), we have a solution A, from (6.39),
if and only if,
=TwE, <0and I W, <0 (6.40)

L,
hold, where J, = [ ¢ ] is the orthogonal complement of J7'. To find the solution,

NeXNe
P and P! are partitioned as
L[ P o
MT R NT

, Pl= [ Q ];[] (6.41)

where NMT = I — QP. Then replacing P and P! in (6.40) and defining Y = C,NT
and Z = MB,, (6.40) is simplified as follows (see A.4 in Appendix-A):

D D T
PA,+ ZCy+ ALP+ CL Z" + O C¢
T T ~ T
YC4 A, + Dy, ZT + B, P+ D C,+TC,,
BLP+ D], 27 + DI.C.
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(F ()F

T T
YC, By, + Ba, CLY+ Dy, Dy . —2T ()T <0
T
BICTY + DI.Dy,.. DT DB .7 — A~
(6.42)
A,Q+ B,Y + QAT + yTBT

YC, A0 +YC..BY + D2 .0+ D2, Dy +TC..0+ B2,
Bl +C.Q+ Dy.Y

C.Q+ Dy,.Y
. ()* . ()* ()r
YC.,Bo, +Bb, CLY+ D}, Di.—2T ()T O
BICTY + DI.Dy,. DT Dy, — 421 ()T '
0 0 I
(6.43)

The inequality (6.43) is not linear as there are some product terms comprising 1, T, Q
and Y. When T and T are fixed, (6.43) is an LMI in Q.Y and for fixed Q,Y, (6.43)) is
an LMI in T, T. The positive definite constraint on 15, Q is imposed from the existence

of symmetric matrices U; and Uy such that [9]

u, z 0o o0

Z P I 0
- > 0. (6.44)

0 I Q YT

0 Y U

Hence, finally the optimization problem becomes
Minimize ~2 . (6.45)

Subject to (6.42), (6.43)), (6.44),Y > 0,7 >0

Design steps

1. Without considering the effect of saturation, for a given nominal plant G, a H

loop shaping controller is designed. The selected pre-compensator is W.

2. With known controller matrices which are obtained from step 1, (6.36)) is solved
to find the optimal Y and 7.

3. For each diagonal element of T and T, grid the range from 0 to its optimal value.
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Finer grid depicts better result.

4. At each node, fix YT and T in (6.45). Then, LMI (6.45) is solved to find v, P, Q,

Y, Z, Uy and U,y. This step is carried out for each node and find the minimum -.

5. Corresponding to the node where minimum + is obtained, P,Q,Y,Z,U;, and Us

are calculated.

6. Then, M and N are selected such that NMT = I — QP and using the relations
Y = C.NT and Z = MB,, the controller matrices C. and B, are found out.

7. The closed-loop Lyapunov matrix P is found out and then, A, is calculated by
solving the LMI constraint (6.39).

8. Combining weight with the controller, the H, loop shaping controller is obtained.

6.5 Numerical example

In control system literatures, many researchers have studied the linearized longitudinal
dynamics of F-8 Aircraft model as an example of saturation control to show the effec-
tiveness of their proposed methods [28, 51, 52] (already discussed in Chapters 3 and 15).
The same example has been considered here.

The linearized state space model of the longitudinal dynamics of F-8 aircraft is shown
below [52]:

—0.8 —-0.0006 —12 0 —19 -3
. 0 —0.014 —-16.64 —-32.2 —0.66 —0.5
Ty = Ty +
1 —0.0001 -1.5 0 —0.16 -0.5
1 0 0 0 0 0

0 0 0 1
y =
"Tloo -1 1]’
where x,, is the state vector, ug is the saturated input vector and y,, is the output vector.
When there is no saturation, us = u. The physical interpretation of these three vectors is
described in Chapter [5. The post-compensator is taken as an identity matrix and, since

the plant is open loop stable and minimum phase system, there is no such restriction on

closed-loop band width which is a major consideration for pre-compensator selection.
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Figure 6.7: Singular values of the nominal and shaped plant

The saturation limits are considered as £8° in both the input channels. The closed-
loop specifications are as follows: the steady state error does not exceed +2% for the
step commands and in presence of actuator saturation, the stability of the closed-loop
system should be ensured leading to graceful performance degradation. To satisfy these
closed-loop requirements, a pre-compensator W is selected and in absence of saturation,
it is enough to meet the design objectives (y= 2.517). The selected pre-compensator is
10(s+0.3) 0
W= [ S(SJS) 20(s+1.5) ]
Ts(s+1)
and in Figure 6.7, the singular values of the shaped and nominal plant have been shown.
Without considering the saturation constraint, an LTI H., loop shaping controller has
been designed (controller state-space matrices are given in Section |A.5 in Appendix
A). In Figures 6.846.11, the output responses and control inputs at both the channels
have been demonstrated for this controller with and without considering the saturation.
However, in presence of input saturation nothing can be said about the performance

bound of the closed-loop system while the LTI controller is used.

6.5.1 Controller synthesis using LPV approach

In the proposed LPV approach, the same pre-compensator has been considered and, ¢y

and ¢o are defined as two varying parameters to indicate the level of saturation of the
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Figure 6.8: Output response of the plant at channel-1 when reference input is
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Figure 6.9: Output response of the plant at channel-2 when reference input is
10

system in both the channels. It is also assumed that the parameters lie in between 0 to

0.7 (i.e., slope §j, j =1, 2 in Figure [6.3/ vary in between 1 to 0.3) that corresponds to
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Figure 6.11: Control input at channel-2

a polytope with vertices at (0,0), (0,0.7), (0.7,0) and (0.7,0.7). Following the design
method given in Section 6.3 four different controllers have been designed corresponding

to four vertices of the polytope and the optimal value of 7y is achieved as 3.522 by solving



154 Robust control with input saturation: H,, loop shaping approach

the optimization problem posed in Theorem 6.3. The LPV gain scheduled controller
following the procedure given in A.2 (Appendix-A) has been simulated in MATLAB
environment and the output responses as well as the control inputs of the system have
been illustrated in Figures 6.846.11. The scheduling variables ¢; and ¢2 are shown in
Figure 6.12/ which do not exceed the limit 0.7 (i.e., the slope remains in the pre-specified
range (1 to 0.3) that in turn indicates, the maximum control input to saturation element
does not exceed the limit Ywmaz,j,] = 1,2 as shown in Figure 6.3). It appears that
the LPV controller gives better result than the LTI controller due to gain scheduling
synthesis when control inputs reach to saturation. Moreover with input saturation,
1

the LPV approach gives a robust stability margin (e = 5= 0.284) for the normalized

coprime factor uncertainty of the shaped plant.

0.7

— — —phil
— phi2

0.6

phi

0.2

0.1

Time(sec)

Figure 6.12: Time-varying scheduling parameters

6.5.2 Controller design using Popov stability criteria

Now, another H., loop shaping controller will be designed using the second approach
discussed in Section [6.4. In normalized scale, for both the channels yymaz,j, 7 = 1,2 are
pre-specified. Using the design procedure given in Section 6.4, the following results are
obtained. First, without considering saturation, an LTI H., loop shaping controller is

designed for the same shaped plant which is formed in the first approach. Now, fixing
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the controller matrices in (6.36), the optimal T = diag(&1, &) and T = diag(T1, T2)
are obtained. For different values of ¥uwmaz,j,J = 1,2, the optimal solutions are given in

Table 6.1. Note that, the specified yymas,; is same for both the channels.

Lywmargi=12] & [ & [ = [ = |
15 0.0443357 || 0.0012097 || 96.6599049 || 15751209
2.0 0.1373460 || 0.0025723 || 182.9571205 || 2.6613332
25 0.1438812 || 0.0021810 || 276.0224989 | 3.5904587
3.0 0.1509746 || 0.0019397 || 372.8507782 | 4.4125657
3.5 0.1753650 || 0.0019012 || 483.2920637 || 5.2045033

Table 6.1: Optimal multiplier parameters for different choice of yymaz

Here, the four ranges from 0 to their optimal values for &1, &, 71 and 7o are grided.
Then for a given Yymagz,j,J = 1,2, the LMI (6.45) is solved at each node by fixing the
values of T and T'. The values of multipliers are given in Tablel6.2] corresponding to that
node where minimum + is obtained. After finding this node, the controller is designed
using the design steps mentioned in Section [6.4. In Table 6.2, it is shown that, when
the level of saturation is increased (i.e., Ywmaz,j 18 increased) v is also increased. That

is, the robust stability margin is decreased.

[yomargi=12] v | & | & [ n | = |
1.5 2.7118 || 0.0147795 || 0.0004032 || 96.6599049 || 1.5751209
2.0 2.9488 || 0.0457820 | 0.0008574 || 182.9271205 || 2.6613832
2.5 3.1387 || 0.0479604 | 0.0007270 || 184.0149993 || 3.5904987
3.0 3.4267 || 0.05032486 || 0.0006465 || 186.4253891 || 4.4125657
3.5 3.6122 || 0.0584550 || 0.0006337 || 241.6464818 || 2.6022516

Table 6.2: Optimal ~ for different yymax

6.6 Conclusions

In this chapter, using H, loop shaping approach two different design techniques have
been proposed in order to achieve robustness of an LTI plant with input saturation
constraint. In first approach, the shaped plant has been presented as a polytopic LPV
system considering input saturation. Then in LMI framework, an LPV H, loop shaping

controller has been designed by adopting the vertex property of the polytopic LPV plant.
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Note that, the assumption on nominal plant and pre-compensator, i.e., strictly proper-
ness leads to a conservative design procedure. For controller synthesis, the parameter
independent Lyapunov function approach has been adopted due to vertex property of
the polytopic LPV plant. The designed controllers are scheduled on basis of the time-
varying parameters which are defined to capture the information of saturation level of
the closed-loop system. In the second approach, the H, loop shaping design frame-
work with input saturation constraint has been transformed into Lur’e type system.
Then, Popov absolute stability criteria has been applied to ensure closed-loop stability
of the system and subsequently, its Lo-performance bound is minimized. The design
constraints are posed in BMI framework. Fixing the multiplier parameters, the prob-
lem has been converted into LMI form. Then solving the LMI constraints, controller
has been designed. Also note that, using this method only a full order strictly proper
controller can be designed which is a drawback of this approach. To illustrate both the
techniques, a numerical example has been elucidated.

In comparison, the LPV approach is superior than the Lur’e type system represen-
tation approach to design a H., loop shaping controller considering input saturation
constraint. In the second approach, the design constraints are formulated in BMI form
that imparts more computational burden to the designer. Further, using this approach

one can only design a strictly proper controller which is a drawback of this method.



CHAPTER 7

Conclusions

This work presents the robust controller design technique for LTI plant using H, loop
shaping approach. The synthesis problems have been formulated in LMI framework that
leads some computational advantages for controller design. In the following section, the
main contributions of this thesis are summarized and subsequently, related to this work

some future research directions have also been discussed.

7.1 Thesis Summary

The main contributions of this thesis are given as follows:

e In Chapter 2, some important design aspects of H., loop shaping method have
been discussed in detail along with some useful remarks and derivations. For
shaping open-loop singular values, a new method for pre-compensator selection
has been proposed that comprises two different algorithms. The first algorithm
is simple, however, does not include condition number minimization of the pre-
compensator in weight selection procedure. Whereas in second algorithm, pre-
compensator is selected by minimizing its condition number in LMI framework
that in turn, reduces loop deterioration. The second algorithm is posed in LMI

framework which is numerically attractive.
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e In Chapter [3, the parametric Hy, loop shaping control problem has been for-

mulated in LMI framework. In parallel with Riccati equation based state-space
approach, a new set of solvability conditions has been derived for the existence of
stabilizing controller. With non-unity parameter, the proposed method circum-
vents the computational burden for calculating the optimal performance bound. In
addition, a complete correspondence between Riccati equation based state-space
method and LMI approach has been established. In the proposed technique, the
observer-based structure of the controller has also been realized. The effectiveness

of the proposed technique has been demonstrated through a numerical example.

In Chapter 4, a new set of sufficient conditions for the existence of static Huo
loop shaping controller has been proposed. The results are obtained in four-block
H synthesis framework which is equivalent to normalized coprime factor robust
stabilization problem. The work is numerically attractive as the design constraints
are formulated in LMI form. Two numerical examples are illustrated to show the
effectiveness of the proposed method. Further, this method has been applied to
load frequency control problem of inter-connected power system. The performance
robustness of the system against the load disturbances and parametric uncertainty
has been carried out by adopting the real p-analysis technique. The performance
of static controller has been compared with full-order H., loop shaping controller

through simulation studies.

e With bounded control inputs, the local stabilization problem of LTI plant has

been addressed in Chapter 5. For stabilization, a parametric Hs loop shaping
controller has been designed leading to maximize the region of attraction of the
closed-loop system when control inputs are bounded by pre-specified limits. The
introduced parameter is selected from design constraints to achieve a better trade-
off among design objectives. Further, this design problem has also been extended
for uncertain LTI plant whose uncertainty is described as perturbations to normal-
ized coprime factors of the shaped plant. By this approach, an output feedback
H, loop shaping controller has been designed such that, with bounded control
inputs the local stabilization is accomplished for certain level of uncertainty of
the LTI plant and subsequently, the region of attraction is also maximized. The
synthesis problems are formulated in LMI framework and two numerical examples

are provided to illustrate the effectiveness of the proposed method.
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e In Chapter 6, adopting the H,, loop shaping method, robust controller has been
designed for LTI plant with input saturation constraint. The design is performed in
four-block synthesis framework which is equivalent to the normalized coprime fac-
tor robust stabilization problem. In this chapter, two different design approaches
have been proposed. In first approach, the controller has been designed by repre-
senting the shaped plant as polytopic LPV system when input saturation is taken
into account. Exploiting the vertex property of the polytopic LPV plant, in LMI
framework different controllers have been designed at vertices of the polytope.
These controllers are scheduled on basis of the time-varying parameters that are
employed to capture the information of saturation level of the closed-loop system.
In this approach, a specified performance bound is guaranteed as the shaped plant
is assumed to be lying in a given polytope. In second approach, the design frame-
work for H, loop shaping control with input saturation has been transformed
into Lur’e type system. For controller synthesis, the Popov absolute stability has
been adopted that ensures a robust performance bound for certain level of actua-
tor saturation limit. The design constraints are posed in BMI framework and an

iterative algorithm is used to find the robust controller.

7.2 Scopes for future Work

Related to this work, some future scopes are outlined here in which directions the

research work can be carried out.

e It is possible to extend the method of Chapter 2 by introducing an optimization
problem that simultaneously minimizes the performance bound ~ and condition

number of the compensator to achieve less loop deterioration.

e For parameter varying system or the LTI plant with input saturation, a systematic
weight (compensator) selection procedure can be developed that will maintain the

open-loop gain in spite of parameter variation or input saturation constraint.

e Instead of a scalar parameter, a gain matrix can be introduced in parametric Hso

loop shaping control to increase design flexibility.

e For stable open loop plant, it is worthwhile to study the semi-global and global
stability with bounded control inputs using H., loop shaping approach.
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e With input saturation, a robust anti-windup scheme for H., loop shaping control
can be proposed. Subsequently, an investigation can also be made for anti-windup
compensation design for polytopic systems by adopting parameter dependent Lya-

punov function approach and H., loop shaping design technique.

e To investigate the improvement of results, the parameter dependent Lyapunov
function approach can be applied to first method of Chapter 6 where polytopic

LPV approach has been used to design robust controller.

e Development of decentralized H, loop shaping control scheme for a system subject

to input saturation can be investigated.
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Appendix-A

A.1 Controller LMI

We rewrite (6.30).

Ag(wi)P—FPACl(wi) PBcl(Wi) Cg;(wz)

B (wi)P -1 Dl(w;) | <0 (A.1)
Cer(wy) Dj(w;) —I

where A, B, Ce, D are the closed-loop state-space matrices defined in (6.27)-(6.28))
and w;, 7 =1,...,2™ are the vertices of the polytope. For simplicity of notation, depen-

dence on w; is omitted and using (6.27)-(6.28)) in (A.1), we have

(AsT + ITATBT)P + P(A§ + BCATl)  P(BS§ + B°AEy) C§T +TITATET,
(BsT + ELATBT)P —~I DT+ ELATEL | <0
CS + FE19AIl D6 + E19AFEo; -1

= U+ UTATV + VTAU <0 (A.2)
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where,
AsTP+PAg PBS C§T i PB¢
U= Bs'P —~I DT | UT=| EL | andVT=| o0
Cg D(C] _71 0 E12

Since P is known, W, U,V are also known matrices. Using MATLAB LMI toolbox, (A.2)
is solved at each vertex of the polytope. The obtained solution is A that comprises the

state-space matrices of the controller.

A.2 Gain scheduling

Ay B
Let we consider, “ “1,i=1,...,2™ are the designed controller at different
Cci Dci

vertices of the polytope. Then the LPV controller will be scheduled in the following way

[6].
Ac((I)) Bc((I)) _ 2220[ Acz' Bcz'
CC((I)) DC((I)) i=1 ' Ccz’ Dy;
where, 0 < o; < 1 and Zf:l o; = 1.

for m=1:

The variable is ¢1 and ¢1,min < ¢1 < @1, maz- Then a1 = vl and ag = (1 — v1l) where
¢1,maz_¢1

¢1,maw*¢l,min !
for m=2:

The variables are ¢; and ¢2 where ¢1,min < ¢1 < gbl,mama ¢2,mm < ¢ < ¢2,max-
Then, a3 = v1v2, ay = (1 —vl)v2, as = vl(1l —v2), ay = (1 — v1)(1 — v2) where
(z)l,ma:c*(ﬁl and U2 — ¢2_¢2,min

¢1,maz_¢l,min ¢2,muz_¢2,min '

vl =

vl =

Similarly for m = 3,4, ..., the scheduling can be done.

A.3 Proof of Theorem 6.4[14]

For all z, and w that satisfy (6.33), the Lo-gain of the system (6.33) does not exceed ~y
if there exists a Lyapunov function (6.34) and « > 0 such that

d
@V(xd) <~Awlw— 212 (A.3)



A.3 Proof of Theorem 6.4[14] 163

is satisfied. Simplifying (A.3), we have
2(xh P+ wlrCd) (A% + BE ws + Blw) < y*wlw — 272
Now, replacing z = C¢z + Dfuls Jws + DS ap, it is simplified as
Q(xZ;P + wZTCi)(ACl:ccl + Bfulsws + Bfulw) — 72 wTw
+(Ca™ + DY ws + D w) T (Ca + DS ws + DEw) < 0 (A.4)
where x; satisfies the sector condition

wej(wej — ce xq) <0, j=1,...,m. (A.5)

zs]

Using S-procedure (see Chapter [1), if there exists T = diag(1,...,Tm) > 0 such that

2(z, P + wSTTCi)(ACl:ccl + Bfulsws + Bw) — v*wlw

+(Ca+ D we+ Dipw)" (Ca + D ws+ D w 22@% wsj —C i) <0

Zg]

(A.6)
is satisfied, then (A.3) holds. Simplifying (A.6)), we have

PA Te + PBCZ JWs + wTTCCl Az + wTTC'Cl Bd Jws + Ad P+
x5 A C’CZTTwS + 2L PB%w + wTTCd Bw + wTBCl Pz +w! BS CZTT
+wsTBﬁ,lSTP:Ecl + wZBfDlSTCZCiTT — y2wlw + 2 C’Cl Oy + ! Cd D ws+
xZCﬁlTDﬁfzw+wsTDd C’CZ:L‘C; +wTDd Dd LWs +wTDCl TDZfzijwTDZfZTCEl:L'CH—
wTDgZTDﬁfSZwS + wTDflszijz — 2wl Tw, + wTTCClaccl + CCZ Tws < 0.

Now, this inequality can be written in the following form
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where,
PA 4 A4 P4 cdT ol adtcdTy 4 ppd 4 cdTpd 4 cd’T
W=| rcdad+ B pypd Tod red vedBe + B ed™y + i T —oT
B P+ DL o B cd'r + D" D,

Pag oD,
vos By + Dy Dl
Dngijz - 721

It is similar to (6.35) and  can be calculated by solving the optimization problem (6.36).

A.4 BMI constraints

JE o o
EIVE = 0 I 0]|x
0 0 I
PAy+ AT P+ cdT e ATcd™r 4+ PBY + 04 Dl 4 i
z z 0 “zs Ws z WsZ Zs
YCe Ay + BL P+ D Ted 1ot vod B + B Ted Ty 4 pe Tpel o1
PB4+ 4t D, J. 00
YedBd +pd "D | x| 0 T 0
D Dl — 21 0 0 I
2
JT PAg+ ATP+cdce g, JT ATce™r 4+ PBY 40 Dt o'
- g Yoe Ao+ B TP+ D Ted vTod g vod B + B Tod Ty + Dy "D, — 2T
Bi'P+ DT gy Bt od Tt + pe. " D

I (PBY + " DeL)
T
T
Dgz Dgz - ’YQI
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Now, simplifying the block matrices and substituting the expressions for Ay, C¢, B

etc., we have

(1,1) block:J” (PAO +ATP + cngogl) Ji=JTPAgg, +JT AT P, + T oy,

Lol [, L]
[10]] oo | [ puci ]|

= PA,+ MB.Cy+ AP+ CJBIM" + CIC. = PA,+ ZCy+ AP+ C] Z" + CTC.

(2, 1) block:YC AgJ, + B PJ, + D Cly, +TC T,

A, B,C.
B.C, 0

I

= | Tc., o] .

+05." | . D |

—YC, A+BS P+ D} "B'M" + D} C.+TC.,

T ~ T T
=YC.,Au+B) P+D)  Z"+D) . C.+TC.,

aT

(3, 1) block:B PJ, + D ety
P M ||I . I

=B,"P+ DL, B'M" + Bl.C. = B, P+ D, Z" + BL.C.

wyc

(2, 2) block:TCzciBfUls + Bfl,lSTCzciTT + DﬁfszTDfulsz —-2T
B

Ws

T

T T
S[rea o] [P | eper oeamar ][4 | ptng. ar

cHwsyY

—YC..BY + B2 CTY+ DS DS —or

Wz~ W2
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(3, 2) block:B4 ¢ Ty 4 et T D!

WsZ

T

= By DLBI || * | +DLDL. = B,"CLY + DI.D]

WsZz

(3, 3) block:DY_ "D — 421 = DT D, — 21

Hence, ETWE, < 0 implies

PA+ZCy+ ATP+CI'ZT + CTC,
T ~ T T
YC. Aq+BS, P+ D5, ZT + D). C.+TC.,

B,"P+ DL, Z" + BL.C.
()" ()T
T
YC., By, + Ba, CLY + Dy .Dy.. — 2T ()7 <0
Bg;TC,ZT + DgzDgsZ Dz;szz - 'YQI

Similarly, ITT WIT |

T p—1
Ji P 0 0
= 0 I 0 |x
0 0 I
PAy+ AYP + cd o Afcd™r + PBY v o' Dg v od'T
0 TO ZT z 0 ~zs TwsT z ws? Zs
YCLAg+ BL " P+Dg . CH+TCS YCEBS + Bl " Ce™ Y+ DS " D, —2T
aT a T el Al ~eT ad T rel
Bw P+Dwz Cz Bw szS T—+—l)wz Dwsz
! 1T el -1
PBg +C¢ D, P=J, 0 0
cl pcl o T el
YC: By + Dy, . Dy, | X 0 I 0
a T pel 2
DS, DS, —~°1 0 0 I
2 T = T T T T T
JTP=1 PAy+ ATP+cCd cd Py, JTp=t ATCcd Y+ PBE +Cd" DS +Cd™T
zg Yo Ao+ B TP+ Dl Tog 4+ TCg Pty yoe Bg +Bg Ted Ty + el " Dgl L — 2T
Bd"P+ DT Py, BgTcet 'y + pel. "Dl

JTP~t (PBY + " DeL,)
1Cd B + D3, Dl
DngDvifz - 721
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Now, simplifying the following block matrices, we have
(1, 1) block:

JTp-1 (PAO +ATP + Cngc;f’) Pg = JT AP g+ ()T + TP ted cdpi,

« Bu.C.|| @ N
(), B [ 5] o]
o . o
ol 5] L ereg Lo e ][ 2 5] [0
= 4@ + BuCNT + QAT + NCIBY + (QCT + NCI DL ) (C.Q + DuxCeNT)

= A,Q+ B,Y + QAT + yTRBI 1 (QCZT + YTDZZ) (CZQ + DuZY)

(2. 1) block: (T Ay + B, P+ Dl T ot w10 ) Py

[ o] g O 5 é SEACREIHE
Dgng[Cz DuzC NT g é +[TCZS O}IK?T ];Z] é]

=YC..AuQ + YC..B,C.N" + B " + D8 _TC.0+ DP ' D,.C.NT +TC..Q
= YC.AQ+YC..B,Y + B2+ D8 TC.g+ D8 DY +TC..0

(3, 1) block: (BngP + ijzTcgl) P,

wyc

|:B€T DT BT:|

+DL.| ¢. Du.C. ]

Q N ||TI
NT S |]o

=BT+ DT c.Q+ DL D,.C.NT =BT + DL _C.Q + DL _D,.Y

(2,2), (3, 2) and (3, 3) blocks are already simplified in earlier stage and hence,
H7TWII, < 0 implies

AsQ+ B,Y + QAT + YTBY + (QCT +YTDL) (€.Q + D)
YO, AQ +YC,. BY + B2 + D8 .0+ D2 DY +TC,.0
BT+ DI C.Q+ DL D,.Y
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()T ()7
T
YC.,Bo, + Bb, CLY + D] .DJ . —2T ()T <0
BE;TCZST + DgzDgaZ Dz;szz - 721
It can be written as
[ A.Q + B,Y + QAT + YT BT

~ T T ~ T ~
YC..AQ +YC.,B,Y + By, +Dj.. C.Q+ Di.. DY +TC..Q
B+ DL.C.Q+ DL.D,.Y

(c:Q+ DY)
T T T
() () (-)
T
T T T
YC,, By, + Bi, CTY 4+ Dy, .Dy.. — 2T () Oy
e T T T b T 2 T
ByTCcTy + DL Dy Dy Dz =T (.)
0 0 —I
A.5 State-space matrices of the controller
LTI H loop shaping controller without considering saturation
2 3
—0.8000 —0.0006 —37.1543 —203.0608 —47.5000 —14.2500 —15.0000 —11.2500
0 —0.0140 36.8513 220.5883 —1.6500 —0.4950 —2.5000 —1.8750
1.0000 —0.0001 —14.6442 —42.6412 —0.4000 —0.1200 —2.5000 —1.8750
A 1.0000 0 —3.6957 —48.3940 0 0 0 0
< 1.0032 —0.0000 —2.9730 17.0400 —12.7631 —3.6273 —0.9954 —0.7498 ’
0 0 —0.3814 5.7235 1.0000 0 0 0
0.1787 —0.0001 11.0377 10.9257 —0.9954 —0.1745 —4.7802 —2.5410
0 0 8.1032 0.3751 0 02.0000 0
2
—228.2151 25.1543
306.2797 —53.4913
—55.7854 13.1442
B — —52.0897 3.6957
T8 119623  —0.3602 4’
5.3421 0.3814
22.0573  —9.5744
8.4783 —8.1032
" # " #
. — —0.2508 0.0000 0.8333 —1.3595 1.1908 0.9068 0.2488 0.1874 0 O

c =

7D =
—0.0447 0.0000 —0.3658 0.3893  0.2488 0.0436 0.9451 0.6352 © 0 0
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Appendix-B

Using completion lemma, a matrix P with the dimension (2n x 2n) can be constructed

when there exists two symmetric positive definite matrices P and () that satisfy

P I

o > 0. (B.1)

P and Q are respectively the left upper block of P and P~!. The following steps are

shown in detail to construct P.

. P M ~ - Q N
Let, P = and Q = P71 =

. We have P > 0, > 0 and
NT S] @

since (B.1) holds, P — Q~! > 0. Then using the inversion lemma of a matrix in block

form [114], we have

Q=P =

P14y P IMA-IMTP~Y —PIMAT Q N
AT Pl AL T NT S (B-2)

where A = R — MTP~'M. From (B.2), we have

(2,2) block: A" = (R—MTP M) =5 (B.3)
(1, 2) block: —P'MA™'=_-P'MS=N (B.4)
(1, 1) block: P '+ P 'MSMTP'=Q (B.5)
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From (B.4) and (B.5), we have
PlypiMsMTPt=p ' - NMTP ! =Q.
Simplifying it, we get the relation
NMT =1-QP (B.6)

Hence, M and N are dependent on P and (). When P and ) are known, then an
invertible matrix M has to be chosen to find the other matrix N by satisfying the
relation (B.6). Now, we shall find the matrices R and S.

From (B.5), we have

Pty P itMSMTPTY = Q
=I+MSMTP' = PQ
= MSMTP™' = (PQ-1T)
= MSMT = (PQ-I)P
= S=MPQ-NPMT" = MPQP-DMT! (B.7)

Now from (B.6)), we have

N = (I-QP)MT!
= (Pl -Qpru"
= —(Q-PYHpPM"! (B.8)

Using (B.6), (B.7) and (B.8)), we have
S=M"1P(Q-PHPMT ' =NT(Q- P IN (B.9)

Now, from (B.3)
R=M"P'M+ S

Then, replacing S from (B.7), we have

R=M'P M4+ M'PHPQ-1)"'M=M'(P-Q )M (B.10)
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Hence, when we have P,Q, M and N, we can easily find out S and R from (B.9) and
(B.10).

In other way, P is the unique solution of

P :P[I Q] (B.11)

MT 0 0 NT

(B.11) can be easily verified since, PQ+ MN”T =T and MTQ+ RNT = 0. Interestingly
note that, P can be written in the following form by which the completion lemma can

also be proved.
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