SENERAL _INTRQRUCIION

The basic unsoclved problem in the representation theory
of algebraic Chevalley groups dafinsd over a fleld of characters
istic p ¢ © apd their Ide algebras is the computation of
characters of the irreducible representations, In his seminal
work Werma [ 24) reduced the problem to that of determining a
finite set of integers clp. « He went very deep into the
structure of affine weyl groups and came up with results ab.uat
representation theory which ipvolved HarisheChandra Principle,
Hm,phrtj;'a numbers etc, He also made few conjsctures which
dependnd upon the properties of the affine Weyl groups. All
his conjectures were proved to be true, One l_uch oon jsoture
was about the tpyl‘n dimension polynomial, Given a complex
sexisimple Lie algebra 9 of rank bp , there is a homogepeous
polynomial O known as '!f,!ﬁ_‘.,.m.?“".’" polyocmial, in o
variables with rational coefficlents, which yielas the dimension
of the irreduciblas gc-module when the variables are given
positive integral values, He introduced certain affine trans~
formations w

s
Depoting by D, the polynomial obtalped by transforming D

for & Dbelonging to Weyl group W of 9 *

under Yo he conjectured that X bD. = 1 , for unique
integers b, . This conjecturs was proved in the affirmative
in E9:| « The proof involved a certain matrix which imposes »

new partial ordax on Weyl gmoups. This matrix has beep further
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investigated and used to £ind same results on representations
of algebralc Chevallsy groups Ca_‘_l « The sams matrix 1s the
weighted incidence matrix £or ocur definicicn of graphs on Wyl
groups .

The aim of this thesis i to study the graph structure
oti Wyl groups. We study some basio properties of such graphs.
First we prove same properties which are peculiar to the graphs
on Wweyl groups. Then we prove results about graph automorp..ism
coppectivity, planarity and girth. We hope that our investiga=~
tions on the graphs on Weyl groups will pave a way to interest-
ing results on the representation thecry of algebrailc Chevalley
groups and their Lie algsbras,

The chapterwise arrangement of this thesis 1is as
follows &

In Chapter I, £irst we give scme prelimipnaries on the
root systems, Wyl groups and Dynkin diagrams etc. Thep we
give results on Affipe weyl groups and discuss the Wrma's
conjecture on Wyl's dimension polynomisl. Next we give tv:
datails ©f the proct of Verma's oonjecture (9] . The resulss
given there auggest the dsfinition of the graphs on Wyl groups.,
Fiovally, we dsscribe some conospts and results from graph theory
which are required by us later,

Chaptar II dsals with the basic structure of our stixly,

panely the graphs on Weyl groups. The vertices of auch a graph
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are elaments of a wayl group W and the edges are daefined
through a relation -3 on the Wweyl group W which involves if
assoclated root system § . The resulting graph is denoted by
Tiw(g)) which we also write as | (W) or [(g) . First we
prove scmt pecessary and sufficient coeditions for @ = T
when ¢ , T are elements of a Wweyl group ¥W . MNext we show
that if LA is a certaipn weyl subgroup of W and ¢ , T ¢ ll'J
then (¢, 7) s anedge in | (W) £ (¢, T) 18 an eage
in | (W) . This gives a very fundamental result that r(wa.)
is an ipduced lubéraph of nw) « This result on ipduoed
subgraph is usad repesatedly thyxoughout this thesim, Next we
obtain sacme graph autamorphisms o:T"cn o These graph automor=
phisms arise due to multiplication by slesnts of a oertair
subgroup {1 o Of W . To derive this we study the action of
the affine weyl groups onp the interior points of the fundanmen~
tal simplex, We also show that (¢ , Y& ) is pever an edge in
Ttw) for ¢ ¢ w ana vely, .

In Chapter IIY, we study the copnectivity of graphs on
Wyl groups. FPirst we prove that the graph on the wWeyl group
of typs A, for ©p > 4 1s conpected. The proof neads some
very deep results on the properties of oertain Subgroup {1, of
W and the resulting auvtomorphisms of the graph. we offer a
conjecture on the conpectivity of graphs on Wweyl groups who3le
associated root systems are irreducible. wWe verify it for

weyl groups of types By, By, C3, Cgy Dg 30d G, » The verificats
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is dope by applying fusion method [4] to the claws of the
graphs of the above menticned groups. We also study the
structure of graphs on direct product of Weyl groups. We show
that i1f w; and ¥, are Weyl groups ther T(lll) and T‘(ua)
are copnected iff T(wl x I2J is connected. From this we
deduce that | (w) is conpected if the associated roct system
of W does pot have the root system Of type Ajp A, Ay ox By

as a factor.

Chapter 1V deals with the planarity of graphs on wWweyl
groups. First we study the case when the root system invoi~ed
is irreducible. We show that | (§) for irreduaible root
system ff 1is oonplanar except when §F is of type Ay Agr Ay
32 and 02 « This is proved by showing that the graphs for weyl
groups of type A, By t.':3 and D“ are ponplanar and then
invoking the theorem on induced subgraph, The case of arbitrary
¥ is dstermined after establishing few technical results about
graph on direct product of Weyl groups, ©One of the crucial
result we prove is that if a weyl group W i3 equal to
W, X Mg X W, such that each of T(II), T'cng) and r(l3,l has
at lsast one edge then r'(!) is nopplapar. This reduces the
whole problem of planarity essentially to that of a graph op
direct product of two irreducible root systems., W prove that
l‘(p') is planaxr 1ff & 1is equal to fl otﬁ'a or else il. xfa
where ¢, is a root system of type A’{lxa\gﬂ with X3 o kg
non=pagetive integers and ﬂ'z is any one of the following root
systems 3A3. 82, 02, Ay X Ay y Ay X By, AyxGg, ByXx Bo
and Bg X Gg .



In Chapter v » W& determine the girth of the graphs op
Wyl groups, Iet AT tF)) dencte the girth of the graph r(I)
for a root system § . pirst ye Show that (1) o T(g)) 1a 3
when & 1s any one of the following types 3 Aoy By, Cqr D4 ana
(11) o r(a4)) 18 ¢ . Pext we show that is # 18 irreduaibls
oot System then (1) g( [(Z)) aces not extst 1f & 18 of type
An Az Ay or Byy (14) of r(jl')) 18 412 & i3 of type A or 02,‘
(141) 3 < of T.'(A5 )), of r(o\s )) <4 ana (iv) 1p all the remain-
ing cases o( I(F)) 1a 3 « By using the properties of graphs
on direct product of Wyl groups we show that the results of
irreducible g can be generalized to arbitrary & with minox
modifications. we prove that ol [(F)) 1s 3 eXcept in very few

Cases ,

Pinally, in Appendix, we include the importapt informa~
tion about the low rank irveducible root Systems, their weyl
oroups and the relevant dats which gives the graph structure
studied in this thesis, The root Systems included are of type
Apr Ags A, Ag» Bgy By, By, Cyr Cyo Dy and G, . The data
includms ¢, Cg 2nd D("'t.“o > t..r, £or the weyi groups mentioned
above. All the ocomputations have been done op a computer. The
Vorma integers by 2180 have beep listed here whioh requires
SXtra camputations. The method of computatiop anployed is as
desoribed in {97 . These values of Pe have a alrect bearing
o0 the representatioos of algebraic Chevalley groups apda their
Lie algebras over a field of charscteristic pdo Ezﬂ .



