CHAPTER I

IIPRODUCTION

1,1 The problem and its nature

The problem under consideration is to study the
effects of an exbernal nagnetic field on the propaga-
tion of distﬁrbances in an electrically conducting elas-
tic medium, This amounts to golving the equations of
notion of an elastic contimmm along with Maxwelll's equa-
tions governing the slectromagnetic field, under apnro-
priate boundary conditions., Suitable terms representing
the interaction of the fields are to be taken into
account vhile formulating the field equations and consti-

tutive equations of both the Tields,

The study of nmagneto-slastle interactions is of
very recent origin conmpared to that of thermo-elastic
interactions which date back to Duhamel (1837} and
Heumann (L885), though only recently the latter has been
reformulated on sound thermodynamical basis by Biot (1958)
and others. The former had its beginning in Cagniardts
(1952) suggestion that the observed change in the velo-
cities of seismic waves in going from the nantle to the
coﬁé of the earth, as well as the fact that only one



mode seems capable of traversing .the cope, could be
explained not.on.ﬁhe basis of widely different elastie
properties for the mantle and the.cogé, as in the cur-
' 'ggnt theory, but on the basis of magneto-elastic inter-
-actions in the presence of earth's inferior magnetic
Tield, Theoreticél invegtigation into ths subject was
first instituted by Knopoff (1955) and later by Bawos
(1958) and Chadwick (1957}. |

| In all the works mentioned above, the interaction
hetween the mechahical and electromagnetic fieldé is
assunrted to bhe completely represented by Lorentz's force
in the equation of motion and a term in Ohm's law, cor-
regponding to the elscliric field Induced by the velociby
of the material particle across the magnetic field,
Turther, the constitutive ééuatian giving the response
of the material to one field is suppqse&.to remain un-
affected by the presence of the otherg. CThough such a
simplified model has not ylelded significant results on
a gedphysical seale, the axﬁeriments recently conducted
by Alen and Fleury (1963) indicate that the theoretical
regults may bhe of some Significaﬁce on a laboeratory

scale,

1.2 Basic equations and boundary conditions

In the case of an isotropie, homogeneous, eilcc-

trically conducting elzstic medium, the electromegnetic
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field is governed by the simplified Maxzwell's equations

da'J\J _'—B-5 =9 2 (19291)
w, E - —-%_% 3 . (1Q202)
w,? = ? 5 (1,2.3}

where B is the nmagnetic induction or flux density, &€ the
electric field intensity, W the magnetic field intensity
and § the current Gensity, The simplification has been
~accomplished by neglecting the displacement current in wri-
ting down equatibn (1.2,3). The justification of this ldes
in the fact that frequencies gsscciated.vith'machanical
vﬁbrations(éﬁjor waves in an elastic conductor ?Eﬁ much
spaller than those associated with electronmagnetic waves
of the sanme wave-length and that, as a result, charges are
neutralized faster than they accumulate., In facf, in a
mechanieal conductor the charge equalization takes place
in a time which is roughly 6 x 10717 sec. The equation
connecting the electric displacement and the charge density
does not, therefore come intc the picture.

To the field equations (1,2.1) to (1.2.3) are totbe ‘
added the constitutive edﬁations

B-kW , (1.2.4)
e

e+ Txy), (1.2.5)



where «k is t}ie magnétié permeability and o the
electrical cbnductivity of th.é nedium, N the vector
displacenent of a material particle and W include's
both the primary magnetic field and that induced by the
motion of the particle. The vector product in the modi-
fizd Olmts law given in eciuation (1.2.5) denotesz the
eleetrie fiecld induced by the velocity of the material

gcross the nagnetle fleld,

Assuning that the ela.sti_c me;iium i_s initially
unstressed and neglecting the initial stress caused by
the presence of the primary magnetic field, the 1inea-
rizod equations governing the propagation of small
disturbances, in the absence of any bodjr force, which
take into account the intersction of the mechanical

and electromagnetic fields can be written in the form

€ag L {Wirj T W4,0),5 (1.2.6)
‘Z.{é = edd_%{_,j + apme €ag ) 1.2,7
ris®) | :

T M THIXE, (1.2.8)

where 8..::; stands f{or the strain tensor, -—fff,;, the dis-

placement components, 2i; the stress tensor, Ta and sy

the Lamé constants and P the density of the mediwi.



If the clectrie and nagnetic {ields in vacuun

=2 = -

or frec space are denoted by € and h 4 the lield
eruations to be satisfied are

= ety
T " I = -
TR - -;-_‘-,,":ﬁ.ﬁo, e - L TE =2, (1.2,.9)
= 5 =
cu-’bt h = So?i-e:- P wo’li__g = “Ko%‘% 2 - {1.8,10)
Whore €= (Soke)'® asnotes the veloeity of light and

£o, %o respoctively donote the 2lse$ric and magnetie
peméabilitim& in free svace. |
The conditions to be satisficd at the free boune
daries separating a porfectly conducting material medium
and the surrounding free space &re (Dunicin and Eringen,

1963)
[e+3 XEJ] -0, B3, =, (1,2.11)
(Tig+mi5)d § = Hig¥ (.242)
with )
Mij = &k (Hi s - b HaHaBls) (1.2.17)

& double bracket with o sulfixz & in the hove eguabilons

indicates thoe JiSTorense I 00 hongontisl conmononhe
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the quantity included and that with a suffix = implies
the difference in the nprmal.coﬁponents. fi&a énd Hig
denote the Méxéellian sﬁfQSS tensor for the material and
the vacuun respectively and —»; 1is the unit normal
vector at a point of the boundary. If the electromag-
netic radiation into the adjolning free space is to be
neglected the right hand side of equation (1.2,12) will
be taken equal to zero, It is to be noted that in cal-
culating the contribution from free space to the expieQ
ssion on the left hand side of fthe first eguation in
(1.2.11), 20 |2tk is taken to be the same as that

oi the boundary at every peoint,

It shnuid be remarked that a complete linearizo-
tion of all the above eguations implies that only terms
which are linear in the displacement and the induced
electiric and magnetic fields € and R are o be re-
tained, In particular, if H  is the uniforn primary
mggnetic field in the medium and h the induced field,
making use of eéuations (1.2.3), (1.2.4), (1,2.6) and -
(1.2.7) in equation (1.2.8), the linearized equation of
- momentum iz obtained in the form

b i
P%:—fﬁ PP P T +M0v 0 +k(F R -~ VIRR). (1.2.14)

Equation (1,.2,13) yields

Mig=w{hik]tHihe - BahaBieh, | (1,2,15)

-



Farther, it may be noted that by uging equations
(1.2.2), (1.2,4) and (1.2.8), the 1nducéd electric and
magnetic field veetors in a perfectly condueting mediunm
can be expressed explicitly in terms of the displace-

ment vector of a narticle in the forn

-é" Ll S (b% }'.ﬁ‘" 5 (112'16)
= ' - e
e o= end (U8R, (1.2.17)

In deriving egquation (1,2.17) F is sssumed to be inde-
pendent of time, |

Finslly, all the physical guantities involved ai?e
taken in the rationalized MRS units.

1.3 A decade of resesrch

With a view to agsess the influence .of geonagne-
tie field on the propagation of seisnic Waves, 'Kxiopoff
(1958) considered &t length the propagation of plane
elastiec waves in (1)} an electrically conducting infinite
solid permeated by a uniform, static magnetic field, (2}
an infinite solid with semi-infinite magnetic field, (3)
an infinite solld with the field confined to a slab of
finite thickness end (4) 2 semi-infinite conductor with .

& uniform megnetie flux., He applied the theovetical



. 8.

results to seismic motion in the-conducting core of
the earth and found thay compressionel waves are vir-
tually uwnattenuated in the core of the earth._ As
mentioned in Section 1,1, Dawos (1956) and Chadwick
(1957) independently imestigated and obtained some of
the 're-s'ulﬁs rep&;rted by EKnopoff,

® Witkhin a decade after a study was initiated purely
for geophysicai reasons, the development has been very
rapid and most of the works are of nathematical interest,
The vastnsess of literature on the subject dissuades us
fron r_-";ais:ing any attempt at an exhaustiwe survey. chever,.
an abiempt has been nade to llst as many publications as
are readily available,in the Bibliography. In the foll-
]fﬂing paragraphs we briefly mention sone of the works.
Others will be referred to in the suéceeding chapters

as need arises,

Kaliskil and his co-workers have contributed much
to the existing literatture on ﬁagneto-el&stics._ To |
mention only a few, Kaliski and Petyliewicz (1960) have
formulated the equations of motion for the elastic and
inalastic, anisobropie ccnductiﬁg solids with a.ﬁisotro-
pic magnetic and electrié properties, Kaliski and .
Rogula {(1980,1961) have imés'tigated the propagation of
Rayleigh waves in a conducting elastic semi-space and

on ¢ylindrical surfaces of a conducting medium enbsdded -

in & magnetic field. Kaliski (1961) has considered the
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Cauchy problem for (1) a real isofropic elastic comn-
ductor, (2) a perfect isotroyiczand Lransversely 180
tropic conductor and () an elastic dielectric in a
magnetic fisld. Kaliski and Michalee (1963) have
studied the resonance amplification of a magnetoelastic
vave radiated from a cylindrical cavity in a perfectly

conducting slastic medium,

Again, Kalilski has devoted many of his papers to
a study of gerenkav radiation in elastic conductors
ﬁnder the action of magnetic fields, ¥ore rccently, in
a series of papers he has derived a new set of wave equa:
tions of thermo-electro-magnetoelasticity by introducing
the notion of thermal inertia in heat conduction proce-
sses, In znother serdies of papers ﬁowacki has studied
the plane problem of magnsto-thermc—elasticity.

In order to find the possible anisotropic effects
produced on the wave motion in a homogeneous, lisotropic

elastic mediunm by an applied magnetic fileld, Buchwald

T

and Davis (1960) have studied the wave propagation due

to an isclated body force acting at the origin in a
fixed direction and varying harmonically with time, They
have concluded that the anisotropic effects are negligi-
ble for small magnetic fields.

Paria {1.984) has considered the offects ©f a uni-
form magnetic field on the distribution of ltenperature

-

and stresses in an Infinite solid having & wniforn Ini-

tial temperature, subjected to instantanecus dlane heab
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sources, by using transform methods, There appea_rsﬂ

B

to be an error in his analysis for small tiese approii—-
mation, s . |

Iya Abubakar (1964) has obtained expressions
for the surface displacement for various types of saﬁr~
ces buried'in a parfectljvconducting half-space with.a_
uniforn magnetic flux, assuming the resulting motion to
be of SH type. Sinha (1965) has solved the problem of
torsional disturbances in a conducting elastic cylinder
in a magnetic field having radial and azirmthal compo- .
nents, |

Finally, it may be pentioned thﬁt as the investi-
gations in the followling pages are entirely baszed upoh
‘the basic equations -given in Section 1,2, except for the
last chapter wherein thermal field is considered in
addition %o the imposed magnetic fisld, no work on
plezoelectric, galvancnmagnetic and other allied effects

has been referred to,

i.4 Limitations of the linearized theory

o The theory of magneto-elastic coupling given in
Section 1.2 that has been widely used in the existing
literature on field interactions suffers from the serious
drawback of not being rigorously derived from basic con- '

servation laws and thermodynanic principles., This means

that its limitations have not yeb been clearly understocd,
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It way be that if the strength of the applied magnetie
field is large, non-linear effects become significant.

‘Alen and Fleury (1983) conducted experiments to
stady the effects of nagnetic filelds in the range of
10 to 20 k0e on the velocity of sound in single erys-’
tals of | Cw. A3, AL, Ta and vy . They found that
the .quantitative agreenent with the theoretical predic;- )
tions, namely, the increase of the wvelocity as the square
cﬁ' the applied field and its dependence on the angle
between thé propagatbion direction and applied field, was.
. excellent in the case of high conductivity metals, but
a slight disagreement was reported at lower c_onductivi—'
ties, TFurther, investigations of the effects at 4.201{
in extremely high purity copper showed that for the
field in certain crystallographic directions the velo-
city of sound no longer varied as the square of the
field but increased linearly with it. Thus the linea-
rized theory may not be applicable for metals at very
low temperaturés.' It nay be obsérved that unlike the
results ih derﬁmagnetics, experimental verifications
of the thegretical results in magnetoelasticity is
wanting. .

1,5 Scope of the presant work

The followlng three chapters deal with the ‘propa- )

gation of harmonic waves in a perfei_:}y c:_mclucting elastic



flat plate, with its honnda.ries.:free of mechanical
tractions. JIn the succeeding chapter the propagation
of transgverse Surface wavés in g perfectly conducting'
semi-infinite medium has been considered, The last
chapter is devoted to a stuéy of the intez-acticns of
mechanical-,thernal and electromagnetic fields in. a

condueting medium of Infinite extent.

In chapter two, the problem of propagation of
waves pa:rallel to the plane boundaries of the plate is
faormulated for an arbitrai*y orientation of the maghetic
£ield, The presence of the field is seen to result, in )
general, in the coupling of 211 the three types of
vaves which, following Jeffreys (1952), will be referred
to in future, as P,5V and SH waves. A particular
case, namely, the propagation of coupled P and SV
waves In a transverse magnetic field has been studied.
It is found thet the electromagnetic radistion into the
adjoining free space can be neglected for long and
short wavegr a3 well, The dispersion etinations both for
symmetric' and anti-symmetric modes will then be very
similar to those in the non-magnetic case,

In continuation, the case of the nmagnetic {ield
being parallel to the plane of polarization of the cou-
pled P and SV waves has been invastigated in chanter
three, In contrast to the vrevious case, the electro- .

magnetic radiation into free space cannol be neglected.
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When the field is aligned with the direction of propa~
gation, the paxirmunm influence apnears to be on long
flexural waves. If the field is normal to the plafé, |
the effect is very ruch pfonouuced on loﬁg pvlate waves
and the flexural waves propagate almost with Alfvdn
veloclby. When the field is dbliéue to the waﬁes, the
modes cammot be separated into symmetric and antisyrme~
tric ocnes, This pqint is borne out well in the next
chapter wherein the propagation of_uncoupled shear
waves of SH tyve under a field normal to the displa-
cenients of nmaterisl particles has bean considered at
some length.

1t has been shown in chapter five that uncoupled
transverse surface waves which are of - SH type dan be
propagated without any dispersion in a perfectly conduc-
ting seni=-infinite elastic medium provided a uniform
megnetic field acts nonwaligned to the direction of wave
propagation. Though the depth of penetration is found
to be too large, the field interaction accounts for a
slight increase In the wvelocity of propagation of nlane

shear waves in the medium.

The probiem considered in chapiter six is an cxbenl-
sion of a part of Knopoffts work, It iz to assess the
influence of a magnetic Cield on thermo-elastie plane
waves in an infinite medium, for difforent orlentailions

of the field,





