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The sublect of Hagnetohydrodynamics is of comparaJ
tively racent origin. As the naxze implies, it is the

union of thraee wicdely sepsrated ciscivlines, viz., Ilectro-
dynemics, Fluid Dynamics, and Thermodynamics. Faturally,
HED inherits the rictness as well as the diffisulties of

e

~the parent subjects.

In KHD we study ths motio% of an electricslly con-
ducting Tluid in the presence of:electric and magnatic ..
fields., It is well known that when a concductor noves in

magrebic fislg, eleciric currenis are induzed in it.
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These currents experience a mechanical force, callsd the
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tz force, due to the presence of the magnetic field,
This force tends to modify the initial motion of the conw
ductcr. Horeover, the induced currents geﬁerate their3oﬁn -
maznetic fiele which is added on to the primitivs magnetic

Field. Thus, there is an interlocking betweeﬁ the motion

juy

of the concuctsor, and the electromagnetic flelds.

The interlocking between the motion and the electro-
magnetic flelds is exhibited in 2 more nronounced manner in
liguids and gases than in solids due to the freedom of movem
ment which the molszscules of the former types of conéucto:;ﬂ
enjoy. This explains why this intercoupling could not be

taken seriously till the attention was fized en 1liquid and

gaseous conductors. - -
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Probably the first practical application of EHD. .’
appeared when Harfmann [fl_f'designed a magnetic pump %o
put mercury in motion for his experiments on the behaviour
of con&ucting fluids in the presence of a magnetic field.
 The appliCations.of ¥HD ihclude direct power generabtion,
'and the control of hypervelocity vehicles. A4lso the con-
cept of magnetie contaiﬁment, first observed by astrofhy- .
sisfs, is.now being applied to very high temperature plasmas
which are required for controllsé nuclear fusion. The éif
.perimental'étudies of the pinched vlasmas reveal that theﬁ
are highly unstable; and tend to dissipate in tige interval ';
- - 0f the order of 0.5 micro second. This led %o ﬁhe study of
instabilities in plasmas with a view to discover magnetic
 field geomefries which will be able to stabilise thése pin-

-

ched plasmas over intervals, necessary for sustalning the
nuclear.reactions. Astrophysical phenomens produce another *
area for the application of MHD. The exisfence of the gené;

ral magnetic field of the order of one gauss on the surface

of the sun, the production of high magnetic fields of the

order of a few thousand gauss in sun spobs, the ifiterste~

1lar clouds which produce polarization by oriénting the .
charged particles in the presence of magnebtic fields'of'the:
order of 1072 gauss, and the high energy partiéles-in cosmic  *
:‘rays are some of the phenomena which have giveh impetus to
various types of studies, for example, the investigation .of
the steady dynamo-mechanisms for the production of magnetie

1

.
L



Tields, the study of propagation and dissipation of hydro-

nagnetic waves and so of.

_ The basic laws of electrodynamics are sﬁﬁmarised by
the Maxwell equations which define the properties of the
electric anc magnetic fields. These equations apply with-
out change. However, Otm's law, which relates the current
'flbw to the induced voltage, has to be modified. The basic
laws of hydrodynamics are sumarissd by the COnservati;q
eQuaticns of mass, moﬁentum, and energy along with_the ther-
- rmal and caloric-edﬁations of state. Thé éonServation equa~ -
ticﬁs must be modified to account for the effects of the
electric ané magnetic fields. The continuity eq&ation re-
mailns unchéngeﬁ; The bhogdy force,'to bé added to'the momen- -
tum equationz is the usual ponderomotive ferce. Also, a
derivation of the energy equation must take into asccount
the electromagnetic theory for a moving medium; and the
thermodynamics of an electrically conducting fluid / 2_/.

If the fluid be considered non-magnetié, and the phenomena
like electrostriction are neglected, the thermod;namics of

an electrically conducting fluid remsains esSentiélly the
"sane as that for a non conducting liquid. ¥e summaqise beQ'"'
iow the'baSic:equations for an electrically condﬁcting'ina-'

compressible viscous fluid in MKS units.

The equaﬁion of continuity,

_ W-?"—”—“—o. _ o 1.1)
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The equation of mowentum,
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The energy =quation,
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and Chm's law,
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The constitutive field eguations,

B=A4,

D=¢E, | |

B = N Y

where ? 7 B, T E ] D? Hiy X are-ré’spec-

tively the velcelty field, the magnetic ir.lﬂuction vector,

the current density, the electpric field, the di splacement“ ..
vector, the magnetic fisld, the bodv force per unit nass in .
the momentum equation, and (@, ﬁ ; Y, K, C;g, ) &5 -/“;

G E are respectively the density, the pressure,.the
kinemgtic viscosityy the thermal conductivity, the specifie
- heat, the electriecgl conductivity, the magnetie parmeablllty,-
| the charge density, and the dielectric co_nstant. Also ¢)

is the viscous dissipation function.

—> —
Eleminsting E and J  from egquations (1.4), (1.5)

and (1.8) we obtain the equation for the magnetic Induction

= 2
3{8* I C?XB)-—AV!:? ;Gfg+ VX(Q@(l .10)
0 : .
where ) — 1. | Ce

oM

411 physical properties of the fluid, such as+Q, 3/, 67 ana M

ete. are assumed to be constant. The convectlon current _i_:erm(%z
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‘the electric part GQ’EE of the body force (:(%.E; XI%J)
per unit voiume, and the displacement current EEF- will
bg neglected in the present thesis 173_7. S0, equation
(1.10) simplifies to.

70?::vx(¥><8)+3 VB

' Boundarv conditions:

The velocity and the temusrature boundary conditions
remgin unchanged by the addition of electromagnelic fields.
The electromagnetic équations.must'be satisfiéd‘in-the rTe- |
$ion outside the moving fluid as well. Thus, whenever the
boundaries oceur, or two different and iumiscible conducting
media are in contact with each other, there is an abrupt
change in the material properties. This introduces the ques-
tlon of boundary conditions for electricaliy conducting

media.

As we pass from the boundaries to the fluid the fol-
lowing conditions must be satisfied: The normsl component
—_ - . : - : """”
of B and the tangential component of the electrierfield’

are continuous. The jump in the normal component of elec-

*

tric displacement 1s equal to the surface charge density.

The discontinuity in the tangential component of the magne-

tic field is egual to the current density at the surface.

-*
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If,‘no.wevsr, both media possess finite conductivity, the tan-

- gentizl component of the magnetic field is continuous.

Dimensionless Parameters:

As in ordinary hydrodynamics, by transforming thé.._basic
equations to dimensionlsss fora it can be easily proved that
the following parézqetel‘s govern *the flow and heat transfer

Lol

in magnetohydrodynamics:

-

3 T~ ~ 1 . 1) fol’ce
(l) The .i.temo'las nu_mbe r R ._..._..)._/-’—-—- —_ inet til .
( ) Ihe Praﬂdtl nUJIlbe_!‘ P pll -—-—i = _._...-gL—-————E—————L 4
3 : | | L“ i K:L. Ill E’t i (3. & . oy
( ) .she ._4 ‘ I't I'lumber E — = Ll 20 aT .

.|_

_ W@_ thermal energy

{4) The Grashof number

G Zﬁ(Tw !! (buoyaney force) xlnﬁrtip force

(viseous forece )

- -

where /3 ig the coefficient of thermal expansion;

2
and 3 1s the acceleration due to gravity.
(5) The magnetic-irleraction parameter | - :,
. 2 ! ) .
' [ GJBOL- - Pponéercmotive force
- e U inertia force .

(8) The magnetic Reynolds number

"

- _
Em__éji{UL - rate of change of B due to fluid

. motlon
.rate of change of ?due to diffu-
51oﬁ

*
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' 2 GJBbLu_,sR;E sondayrauotive forze

visgcous force.
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I, s [J s annc Bb reprasent respsclkivsly the characteristic
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- The sclution ¢of ar analyticsl nroblem in iHUD 1ryﬁ1?es

-

the simultaneous solution of %the lzxwell snd hydrndvngni-e eiua-

o v ©
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~tions.  This is uvndeubiedly s fornidable task., Zowever, many

complicated problaus can be reduced to tractable forms by neg-
’ ’ ’ - -

- lecting some terms of the equations orn the bgsis of sore assump-

-

ot

insus of which a few are 1inea“"zatﬂon,assurntion of infinite
cenductivity, neglect of irnduced magnetic fiell, snd boundary

laver anproximation.

Egagt solutions:

Zxact solutions in m:rnetoanrodynamlca can be oblained.
only in a few caées. Hartman /. 1"/ 1s the first to cbtain an
sxact solution in MHD by eonsiaerlng the Tlow bet%een_tw; in-
finite parsllel plates under the action of = tranéverse NELNe-
tie fiéld. Chang and Lundgreﬁ Lﬁ%;?-extenéed the rroblem tg
the caée of conducting walls, while Azarwal 175~7, and Gupté*
[fb_? included the affects of uniforn sﬁction a2t the plates, *
Yo /7.7, singer / ©_/ and Yu and Yeng / ©_7 ibcluded the
effects of buovaney force by considering the free éoﬁvecﬁion .
f£low betwesn two yerticél nlates. | ] .

The Stoke's problasm of flow dus %o an.infinite nlate
executing hamwonle oscillatlons In its cun pléne has . been

f X L]
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extended to MHD by number of workers. Ong and Nicholls B
[ 10_/ were the first to consider this problem. They how-
ever, nreglected the induced magnetic field. Kakutani / 11,

4

12_7 made a detalled and systematic study of the proilex

3

el

in the two cases when the plate is non-conducting and when

-

't is-perfecily condu

Tre pripeipal result of his

[

o
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orey
.

T
v 13 that unlike the pon magnstis czse the flov has &

study ‘ :
doutle laver struelurs. The sase problan has been consi-
derad by Auford [ 13 /. ~e

3
. - I 21T ar . ntie R [P S ; -

extandzd Yo LID by many worisrs in a varietry of ways.

ae 2L & "y 7 1 £ o ~ -3 4 - - 71y

Wifard /L 14/ was the first to szhuly this nroblaa. The

magnetie diffusivity and kicseusgtic viscosiitv is unity.

1

Rogssow [ 15_7 recsusidered the problazrn. e discussed three

(i) wher the source of nsgretic fisld is movinz with
the nlate a "
(11) when It is fixad relzstive tc an stserver
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eity component and the rasulting squaticns are linear. i
gifferent cless of wroblems for which exact soluiious can .
be obbalnad is the so callad "5ta¢nauisn Point" flows. If

-

s well ¥nown that in the cla531cal ngn—mqgneti“ case the

o

havier-atockes equations can be reduced fo ordinary non-

linear equations by sultable similarity ranst ormatiocns .
/ 19_/. Neuringer and lMelroy /[ 21,22/ asxtended ths two—

dimensionsl stagnation flow to magnetohy Qrodynamfcs whils

b
tha axisveretric case has been_studie& by iever ZT23.?5
Pootg and doéerby [T24_7 and'Gribenléfé5_?. Kakutsni Afés_?
has discussed the axisyumetric case by neglzcting the in-
cuced magnetic field. The two-dimensional_radial flow in

aconvergent or divergent channel in the presence of a clir-

il

culsr magnetic field is another exawvle which admits of
sinilarity sclutions. This problesm has been studied by

Vatagiri [fé?_7, Jungelzaus [T28_7 and Axford 1?29_7} 7

The mavnetoﬁ"uroﬂynaxic flow Gue to 2 rotatinquisc‘
presents another situation for which sxact solutiohs of the
basie equations can be obtained. Rizvi L 3u_/ lecc re§ at
this probles with s weak maghetic Tield and assumed the disc

to b2 a perfect conductor. However, the boundary corfditions

2
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RAC TSRV IS SRS TS B AL el c::r:‘wct. Srarroty and Jras »/'_'_ 31 5/
- —

and wakubari /32 / studlsd the ecase of an insulating &isa,

winile qing =nd Lewallan / 33/ have analysed the invorse

th an

wroaplan of rebating 104 over o statlionary dise w

swaal pagnetic £ield. Recsnbly schwiderski ard Iungt / 34_/

considersd In def=2il the nreablar of rotativg flows over a
robating disc under vory general zonditions. .

' ol

The maznetohydrodynanie flow betwesn two diszes Tare

rotabineg and the other at rest or rotating with a different

I

angzular veloclty has been studiad by srivastava and shzrues

L 35_7, tutta £ 3G_/ and stephonsen /877 .
It the prasant thesls we have obhalned ~wach golu
timvg in simple elasad form Far two specific prablams,
wrobhe Ghathr LTI, %he f2lly develoned hydromagnetlie flow
e s straight eatating cuannel, subjected to a constant
transvesrse sagnetic £iz2ld, has been analgsed. in axaet
selittion of the coverning equations has been obtainedy and
o Tew particular cadses of interest have bean discussed.

A oexact solntion in a simple closed form has sllo been

cblainsd in the Chapter IV in the cas2 ol the masnetohydro~
dynasie flow between two Jdises, vobating wits the gmme .
L

arvgalar veloeity ) about two differnt ares, distant

'a' agpart, under the action of 2 unifern axial ma™netic

-
F]

field.



chieg ol tho Lost Important rnroblems in nwdrodynanics

13 Ghat of Tlow —ast 1 body, sueh as a ¢ireunlar cylindsr

vadw., It iz o inteorast be cuhend these nrablems to con~
ducting fludds dn Lthoe rraesgerca of 1 uwagnetic field. In
ard inary hydrodynanizs Zemolds’ nunber controls the I
mast bodies. Ghen Gsvnolds’unmber is small, the inertia
Poraesd oot b nesleztedsand thue viscons forces ara dorinant
in th» entire veiocity rfield, while for large Reynolds ﬁhm—
bors the visceous Torces are small corpared to the inertia
force everywhers in the fluid excent in 2 thin pezien in
tho wiginibty of She body whare viseous apnd inartia forces
are of eomparable wagnituede. Sears éfSSWF has nqinted out

thint thore are weristakable analogies between electrical

-

-

r»esistance (or mavihetic diffusivity) and viscosity in their

affeats upon flow natterrs. Thus the distinguishing fea~
turcs of steady {lows ab low 9nd hiegh magnelic Beynolds
numbers Fahm are of'ter analogous to those that differ-

. -
altiate steady flows at a1l and large Reynolds numbiers

Fz .

In magnetohyCrodynanics, 1t is not the convection .

; . . ~ "
but the umechanism of Allven~wave npronacation which, for

sufficianrtly sbtrong fields, carries disturbances in vorti-

city and current along the field lines. In flows Ttorrea-

ponding tn swall E;n y bhowewsr, diffusion is a douminant’

12



-and wave-like disturbanceés are (exceptirg sound

nrogess .
o ) -

waves, if the fluié is compressible) absent altogether.
Tﬁe analogy between the flow patterns, corresponding to
sxfnall R and Ron arises from the fact tnaﬁ in both si-
tuations the diffusion proéess is rapid_com?a:ed with the
convection preocess. In view of the 1afgé diffusion df
alectric current the induced magnetic fleld is sometimeé-

.

neglected to simplify the analysis, when R, 1s smald.

The steady flows, corresponding to large R}n', are
or: the other hand, dominated by standing Alfvén waves. In
the spescial case cf aligned fields the wave chargcter is
less obvious. J3ince Alfven propagatibn occeurs along stream
lines (which are similarly oriented as the field-dines),the
standing Alfven waves now lie along the body surface and
form thare bohndary layer of rotational flows. When

Rm > 0D » boundary layei' 'phenomena. very similar to the
conventional boundary layer exist. They Jdo, however of fer

a number of new features £T39“7.

Low_3Heynclds MNumber Flow: .

Chester / 40_/ was the first to sxtend the Stokes
problem to magnetohydrodynamies. ‘He made the inportant
assumntion that the induced field is negligivle and obtained

the formula for the viscous drag [ in the form:.,

13
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magnetic field is parallel to the Qlate has been consi- W
dersd by a number of workers. ‘A derivation of the boundary
layer equations has been carrisd out by Greenspan and
Carrier [_52_/ and Davis / 53,54 /. In the former Paper,
the fundemental equations are rnnlacea by OSeen type egua~
tions. It has been found that the bOundary lgyer thiékness
continues to ircrease with 5? (the square of the raﬁio of
the Alfven.veloéity to the free.sﬁream.velocity),-uhtil‘at
the criﬁical_ﬁalue 5;.::;1 s the entire flow is brought’"to
rest. Further diséussions on the problem by maans of the
Oseen linearization have been given by Carriér_an Greénspan
1755;7, and Greeﬁspan-[féG_? reépectively for unsteady flow
conditions and for flow past a finite plate with S N1 -
‘Glauert / 57_7 has pointed out that the linsarized méthod
of aﬁalysis,_AGOpted by Greenspan and Carrier cannot be
relied¢ upon in problems of such complexity. He has obtained

two solutions in series valid for large and seall values of

15

the magnetle Prandtl number F%n » Glauert's trEeth”“t is,

however, limited to the range .é? f o, with ];pé; hot
small. He has further shown that boundary laysr equations
csase to hold when l - —— OCR)-.' wilson L_SSJ
an¢ 3tewarson and 3ilscn / ¢ 59_/ on the other hard, have.
shoﬁn that_solutions of boundary layer equations, derived by
Greenspan and Carrier are not uniqﬁé ﬁhen F%d - and
é; { . Gther contributions include due to Junzdlaus

e -

[ 60_/, Reuter ana stewartson / 61_/, nd Feks n/é */

e
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In all these investigatians the boundary layesr flow was ,[°
considered in the absence of pressure gradient (i.e.
uniform concitions in the free stream). The influence of
the external magretehydrodynamic pressure gradient NropPOY=
tional tc some powér of distance along the boundary layer
has been analysed by Davies / 63_7 and Griben L 64_/. The
boundary layer flow past a magnetized plaite (or cyliﬁder).
with uniform magnetic field has been discussed by Zhigulev

. (. 65_/, Glauert / 66_/ and Fucks / 67_/. : W

The study o free convection boundary layer in mag-
netonydrodynamics has received considerable attention in
recant years. At firgt ﬁlance it apnears that such flows
do not have any practical application, since most*heat ez~
ciringers utilize liquids whose conductivity is so swall that
enIrLously iarge magﬁetic field are nccessary to influence
the flow. However, seme neuclear vower plants use héat ex-
changers with liquid metal cooclands so that the applica-
tion of moderate magnetic fields to influence the patfern

of convection appears feasible.
In the case ofghot vertical »late immersed 1Iin a
quiescent fluid, heat from the surface is transferred to -

»

the fluid and causes a degrease In density so that in a
field of gravity, a flow in the upward direction acts in due
to buoyancy force . VWhen a magnetic field is appliqd Tior -
wal to the plate, the Lorentsz forces tend to retard this

flow;ané cause a deerease in heat transfer rate to the fluid.

-
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Lykoudis [fés_? has discussed simiiarity solution.for
- steady MHT free convection nast an isothermal wvertical
plate with 3 transverse magnetic field for & range of
‘Prandtl numbers. ZReeves / 69_/ has examined the class of
_similarity solutions with variable magneﬁic field strengths
and wall température distribution. Cramer / 70_/ has shown
that similarity solution is also.possible-for a constant
Imagnetic'field'when the exeess of the wall temﬁerature-ave;
the'ambient-value vafies ¢irectly as the diétance along *the
plate'measufed from the béttom edge. He has also discussed
steady fully develoved flow in a parallel plate channel with
linearly ircreasing wall temperatures in th@~pre;ence of a
magnetichield.. Gupta 4??1;7 has given an.appfox}mate solu-
“tion, by Karman-PohlhauSen'method, of the boundary layer
squations for. free convection from a vertiéal plate.. Sparrow
and Cess'[f72ﬂ7'have studie¢ non-similar soclutions for

. steédy.MHD free conveétioﬁ past a semi-infinite vertical

hot plate in the presence of a uniform transverse magnetic
field while)ﬁabuchi-[f78*7 has discussed non-similar solwm-
tions with variable magnetic fields. Perhaps, thg most pene-
trating analysis of the géneral flow prdperties in the phy-
sical situatibn under review, has been presented by 3ingh _
and Cowling £ 74_/ and Riley £ 75_/. 3ingh ané Cowling have
shown that, regardless of the strength of the gpblied field,
thare will always bearegion in the vicinitvy of ths lsading

edge whare electromagnetic forces are not immortant, while
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2

et larze Jists :noes from fhe leading edge thess magﬁetlc .
fofces dominate. Similarlty solutions are possible in
 each of thase two regions. Thelr solution, however, suf-
fers from a drawbsck in that 1 ignores the presence of a
'very thin 1ay¢r_of 1iquid,adjacent_to the wall in which
viscous forcas are imnortant. Conseguently the ﬁo~slip
cbnéition at the wall is violate¢ and henzs no estimate of
the skin friction can be made. Their solubion has been,
improved by Rilev who has given series as wall as Pohlhau-
sen tyve solution,taking account of ths inner (viscous)

- boundary layer. The study of magnetohydrodynamic free con—

yeehion from a rorlzontal rlate was init iated by \anJa L 76_/

453
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who obtained similarity scluiions

method.

Tn the present thesis, we have studied in the Chapter
I the free-convection_boundary layar'flows for high and low
Prandtl numbers vast a semi infinite ver al flgt Dlate in
ﬁhe rresence of a magnetic-f ald, anmlleu vervendiculariy to

the plate.

{ne 1nnortant distinetion Letween free and forced .

convaction flows 1in ¥HD boundary laysr y problems may he

.

ncted. In forcad conveetion flows, incduced electromagnebic

:f‘
f-dn
o
fm il
[
3
a3

forgeaes may modifv the invizsceid free streas wniceh

&

of

uay modify ths external prassure gradient on %the fres, strean



lavyar, the incuced electromazgnetic forces sre absent there.
Thus the influerice 0of the magnetié field on the boundary
;laygr is exerted through the elsctromagnetic forces con- -
fined to the boundary laver only, with rno additional eff—

e

" acts arlslng out of the free stream pressure gradient.

Hall effsct Y

It has been observed that in an ionized gas where the
density is low, and/or the magnetic field is strong so that
the eyelotron frequency W — Q,Bo/m sxceeds the
ecllision freguency (where @€ and 7 are thz charge and

izass of an electron) the slschron can malke a nunber of c¢y-

causes it to drift in a direction parpandicular to the
directisn of the wagnetic and electric Pields. Thus if an
elsctric field be arplied at right angle o the m%gnetic
ficld,the whole cuprrent will nol flow along the eleé?ric
field. T“. -tendenicy of t e evlgctric current to flovw ac-
- ross an alectric field in the nresence of a uagnetic field
is ealleé [Hall effect. This effect 1s likely %o be impor-

*

tant in many astrophysical situstions as +well as in flows
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of Zszboratory nlasma.
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of Hall gurrents on ths flg

this thesis, the effect of the

ic fiow nrecblews io the bprasance

anter, the hvdromagnetic Rayleig
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for small and large times nave
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W due to a disc, perforuing
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tant angular velocity 5)_
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