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cﬁe opacity éﬂd"energy generation obev power lawst™ . It may be
noted in this connection that homology and soume ééwer lavs of
opacity and energy generation are very often assuuned in>astr0phy—
sical literature. The object of our investigation is the study

of a gas sphere under special physical conditions just stated.

1

The gas configuration may in certain cases extend upto infinity.
Some conclusions from the study, as we shall see later, may be
applicable to actual stellar bodies. The way of handling the
equations has evolved through the work of previous authors and

is detailed in Art.3 after the basic equations have been set up.

2. Basic eguations = The eguation of momentum of a gravitating

0a

&s sphere is

VE g2 2P _ G
REE T TATRE e T TR (1)

’,

wvhere s and + are taken as independent variables, so that 9/9é
means Gifferentiztion following the motion and ~n 1s the radius
of the sphere enclosing mass m 5 & is the gravitational v
constant and P , the pressure.

The equation of continuity is

L _
Lmr®p am - - (2)
P being the density.

The eguation of energy gives .

<
\QJ
ﬂ
<+
sd
o
/‘\
o\~
N—
QJ
Fle
f\
E
\*
&
0
-J?
QJ
’\’
\\/
+
m
Ll
A

¢
. ot




T LLT
ik HARAGPUR.

SHEET No__°

L3

taken of radiative and material viscositvy. The left hand side of

i .

£

this cequation represents the rate of gain of neat per unit mass

and is equated to the right hand side,the first Term of which

represents the net flux of energy and the second term €
represents the subatonic energy generation per unit nass. IHere

¢ is treated @s & constant. The quantities a4 a@and ¢ in

v
the bracket of the right hend side of (8) the ftefan-Zoltzuenn
A

constant and the velocity of light respectively. Turtherumore,

the energy genereition € &and opaclity are casuwned To obey
pover laws given by .

A
€ = CP T /:,k=Kl°/u’T (4)

where C, o, P, K B ‘/L and 7\ are congtanis.

te is

o
i

The equation of st

P - RFT; .(5).
In this eqguation Yhe radiation pressure has been neglected in.
comparison with gas pressure. On the right hand side of (3)
the radiational flux has been taken into account.
means that the result will hold in such ranges of temperature,
density etc. that whereas radiation pressure and radiation
energy are negligible in comparison with The gas Pressure'and
energy, the flux of radiation (or to be more accurate the .

BN

. . . - . 43 4 . . s
derivative of the flux multiplied by 2 /R ) 1s not negligible

0

Jhen multiplied by ae o This essumptian is necessary for

k¢
16

he]

our Lechnicue but it turns out that
4

.
[
):,l
o]
2]

successTul applics

for certain céses discussed, n turns out to be 4/3. In all
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sucihh cases the assunmption is not necesgary as vill e shwwn
- “~
. .
KN » = 1. O ~ - . K. ST AL e 28 e
in Art.S wnere the cagse Nh= 4/3 OCCUXS 10T Tlie LLI'8C WiiB.
3. - T, 1 Py o~ ~ .2 - e Y ~ [ ] o RN b
Though the sub-~atomic ENEYEY Zener&vlioil taies DiaCe &y Tie CoS%
o L AN -~ KRN P gy A 2 PR I ) — Kol .
of mass put Tollouing the general practice the logs of mass,
S S N T LI - ] 4 2o T [ T SR KON RN
viilenn indeed is very smell (&s in Proton-Proton iaterection or

Cerbon iiitrogen cycle}, has been nsglected.
When (4) 1s substituted in (3) e have The four egus.(Ll),
(), (3) and (8) to determine the four uninown quentitics P, P,/
and T « We novw wish to lnvestigote the conditions under which &
b
polytropic relation of the form .
P Py
- (L (&)
- (7
holds, considerations being restricted to homologous wmotion l.e.,
motions given by
M= M, () £ ; f(oj: (D
4 .
This means thalt special: solutions of the determinate set of
eguations (1), (2}, (3), (5) are sought having additional
restrictions (8) and (7). The general solutions of (1), (2 ),
(3), (5) are difficult to obtain. It will be found thet solutions
.
with special conditiouns (&) and (7) exist.
The relations between P, LT and the initiel wvalues
are given Dy
p- w = o) R T (m ) ")
fa 2 <f3” Z fan-s
using (2), (&) and (5) respectively. dubstituting (8) in (1)
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2-3n
oA f r= A% Gm (¢
° Z.° -f— — = O \V)
/za. T{t" + 4 J o 3 7*

) 7-3n -Af 2
3%}’ 'Ccp-ncu)C:J[‘ji_ (IGZ/E:C ol{a(T )+€f (1@}

= 12m- 16 - 3 ~Aen-3) /«'z 3B (n-n + 3 1)

m Y AT m HeTe PP S o TP Sy 4 B . o KRN -
L0 Dana.ie vile SCINE o\ U/ c.i_d \3_0} s E uze vile 161:;;;&2 aue

s

to Bandyopaduyay / 1 _/

£
@
&

g, - If ¢(m am‘z \]C‘i((:} (4*! 7_3) are &ll continuous

BN

L Plerentieble functions and néither of them vanishes andg if

*
C‘)\ (m)- §|({;7 = 4}2(144_)» gﬂ.U:J 4 Cba[m) ,‘;3 U:)
then either &‘s are mutually proporcional and 4;' are connected
by & suitable linear relation or vice versa. In the light of

this lemma, egn.(9) implies

[
[
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[}
3
~
—
~r
&N
)
>
)
R
~
=
8]
e

and " 4 c
T, f e (13)
— Fo= A S B K
or (II) K = TR 4R G ™ (14)
° Al A 32_’102'
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and

A= T g T 7E S as

and
/
3T (¢,-7¢y) = =~ (6 ac “ac _
° (/’ ») ,43 )eo (17)
or (IV
)37" (¢ -ney) = 1 d /575_.“__&/(447‘ _ & |

o Up 4)_} dm 3R, Am J 35’ )

g el

provided C;— nq)f%ra and the constants A's and _B's occurring

in the ahove eguations are all non-Zero. .

3. Review of previous work and its relaticn with the present

work = - The basic equations (1) (8) are well known .

x ~ - - 3 -
L.H«Thomas [/ & _7 investigated the conditions under which
[4
& homologous contraction of a star cen take place with
acceleration neglected. His chief interest was in stellar

evolution and has therefére obtained the conditions under which

o s3] e b - - . e S E o et T ’5 2l e 'g,"! 5
#® Thones consid arad energy genepragion 1o SLE0LLLVY Droolell

EE -~ -~ P s = -~ -, 1. n - STy 2 - K .
(GldleReh oSy 91, 515(1230) . Cur problem, LoOVever, L8 entirely

different from that of TholEs.
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equations (1) with 24/ =0 , (), (3) with €=0 , (4)

znd (5) can have & sgolution of the form (7). Using (1), (2},

I's

(7) and (5) he was led to thie same relaticns as- one would get con

.

putting == 4/3 in (8). 3Substitution of these in (3)

=
g.

te (10) with =n= 4/3 and the second term on the right hand

poed. 7 turned out to be 4/3 in the case of Thomes

)

2
because from the equilibrium equation (with 240¢%= o )

.

P was found to be 7ol /r4 . GSeparction of this equation
wes then evident but would not have been possible 1f the

energy generation term was present. Bandyonadhya; 17
O o -

——

) ] —7.~m, - 1 o~ Y
took up the same preblem as Thomes [/ 8 _/ and could teke

into consgideration energy generation term through the lemna
. - s -~ - = I . f"' e
ust referred to. Pal and Bandyopadhyay / 6 _/ investigated

equations (1), (2}, (8), (&) and (7). Relations in (8) were

deduced from (2) and (7} and then substituted in (1). This
legd to an equation like (9). : .

We have combined these two methods which lead to
eqnse (9) and (10) . Investigation of the previous
authors and the work in the present thesls can be schematically

L
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e presented as follows (eqguations below refer to the equations of

is chapter, sometimes modified as atated) :

- Thomas “Bandyopadhyay |Pal end Present
Bandyopadhyay | thesis
Eoullibrium |Equilibrium Egns of motidn | Egn. of motion
eqn. eqsi. (1) with Zi#o, | (1) with % 4o
i'e’ ite.
Ban.(L)with |Bqn.(l) with
"E.: o /:E - O
Egn. of {Egne. of Bgne of Zgn. of
sber- continuity(8) |continuity(2) |continuity(2) | continuity (&)
.rning .
pua-
€30S . )
Egqn. of ener- |Eqn.of ener- |Adiabatic egn.| Eqn. of energy(3d}
g€y l.e. Bgn. |gy with €0 i.e. vith ¢ #4,
(2) with ¢=o0 Ban.(8) with
n=y
HBgn.of state |Eqgn.of state Eqn. of state(8)
(3) (&)
>eci-
I
- rpes of re= M) f1&
>Tubion k=, (m)- ft) = (m) F(E) x= (m)- £ .
>uaight. _Z=(jn . .
7 g/
‘ Plm)
fmple _ B =207 g _ BOw
‘2la- F= o PR =L P25
I ons Same as those I
bta- of Thomasg
IBead, R
)a - ’3(”") & /ZC”‘) - /:(M)
= 52 £3
T = T‘_".__.‘(m) T= 7——3~—[M/ = %o ()
‘7[ J[‘37'3 J/’.??'L—J
- Foulraledt 6 N : :
O E-myu;j W (o) . .
A : enongyUe) widh | mstoi (7) Lot
P L SR e Hachol of (2
/é . fo o €7-éo.
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The combination of eguatlons in the case of previous
cutihorg wes rather simple. In the present thesis the wmanner in

vhich the equations liave been combined produces more complications
erising out of mutually interlocked nossibilities. The results
are therefore wore manifold thyough only a few of them have

direct bearing with known opecity and energy genercstion lavs

of aAstrophysics.

The lemma just stated is very natural to occur to

anyone who might come across with an eguaticn of
or (10). As farvas we know, however, this was first oltailned

~% Y. e - : -
by Bandyopadhyeay / L _J/e This was &lso proved by hix

nés independently used & similar lemuwe wit
it in a more general form. Birkhoff 4 7 has also
used the lemm& independently. The interest of the nethod centers

1ly round the qguestion of separetion.

&

Art «4 Method of handling ecuéations (2) and (10) -~ 1In the

-

ions we have considered tThe various i

[

next four sec 0 i

thet arise out of the four combinctions (I) and (I11), (I) anad
(IV), (II) and (III), (II) and (IV). Each case gives rise to
a set of eguations in f(#) end & set of equations wh
with (2) and (8) determine the initisl configuration. Une or
both of {hem may or may not be determinate. Our procedure in
&ll the sections runs in the following order.
vith the eguations to determine f(f) getting certain resirictions

on ci,lp, A aﬁd//av . wWe next examine the eguations determining
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e initial configuration. In some cases these &lso give rise

previously obtailned relations now give the restrictions on «, ﬁ,A
oy o R e T e B e TN | A o e Ch e o e 8 e oy e T oy g e ot e 2 . . I
u;.td/a 4N The yihal LOMie LOLleTilles Ciie PestRicCTLons ol ini
distribution break: up into different sub-cases giving differvent

alternative restrictions ow o, chu HBaclhi sub=case is talien

|

separately along with restrictlons ilmposed on oL, ﬁ ede., LY \

eguations ccnnectimg‘f's.
In the folleowing sections we will drop the subsciipt

zaro determining the initial configuration as no ambigulty is ‘

caused thereby.

2
{ )

b 2 PRV TR IR ST, S - i T Pl ol e MY T i ey e ?
5. Combinations (I} and (III} - Bguati

nst

to the third gives A/=B and 37-2 =9 i1.e., 7= 4/3 vhile

. ' . 2
mplies 43=38, and A’g/c . Calculating d°f [t

Ao

bt
3
-
0
}——:t
i
o
‘-_l
@
L]
l..__l
e
-t

from (18} and identifying it with (12), we get A'=5/2 and

A== A /7 . Equetions (13) and (17) along with (2), (4) and
(5) ascertain the initial configuration.< It can be seen that
these equations are invariant with regard to 2 scale transforna-
tion so that any instent can be taken as ¢:=o . These equations
are determinate in the sense that the number of unknouyns eguals
the number of equations and thus these do not Zilve any restriction
on «,p etc. Eguation (11} with A'3/“='€AL and m= 4/5 (as

obtained above) gives

3/(4_’_,\ = - 2£ ° (20*1)

L}

* 3o(+/8

o)ty

glving the final restrictions on «, ﬂ:-* aﬂdl/a « This shows
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that € and K must be of the form

- c/f V% Py -f
= ) s ke K(z) = (20.2)
_1~:?:1e1fe o< and /a may takée up any value.
| The form of f(¢) is determined by integreting (18)
with n= 4/5 and }\’ =~ %2 as
F= (+ 24,¢)° | " (2D

Tnis shows that J(-—;»w (i.e., the gas sphere explodes} ag T—> =
or f=o0 in a finite time ¢£,= -2 /34, according as A, Z 0

f =0 , hovever, is not physicelly attainable as the gas becomes

In this case, it may be shown that our above
conclusions will still hold even 1f we include terms due to

redlation pressure and radiation energy in (5) and (3) respec-

-

tively. This is shown as follows : .

Egn.(5) will be replaced by
while (8) will be ‘

4 2
2 par) s (Reredar) ()

- ( /57‘:1:. 4){1'/
. 9”‘ am )T E . (3.1)

Substitution of L= /:(M)/fs {which being a consequence of (2)
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e e

aﬁd (7) still holdsin this case) in (8) with == 4/3 gives

P= g(mgﬁyq. With these values of P and f’ , eqn.(5.1) becomes
. 4
Pe RETA 4 {alh)
o
which glves on differentiation with respect to t y

S (rh) [ RE %é (£7°] -

This implies that 9/9¢ (7/) =0 (since the guantity in the
L 1 J Y

Fal

o1

e
3

sguared bracket is positive), so thet 7T is a functio e

only and hence 7 = 75(m)/f . Now with p-= /:(m)J/ciand. T= 7(
Y 4

the term 2/t (“T709 + ﬁ71/3 . 93£(é) of (3.1) arising out of

radiation vanishes identically and thus estaklishes our proposi

-

6., Combinations (I) and (IV) - Egns. (12) and (19)

determine fYt) are overdetermined. 13‘01’:.('}_4} glves == 4/3 an
4,= B, as in Art.5. Caleulating o f/Ade™ from (19) and
eguating to (12), ve get
/ 2 / oS
A 2-A ) A 2~ ¥ b2 u’) 4
Ao L CA)MT ) By (404 5,
A . s v £ A

This equation will be an identity if any one of the following

conditions holds:-

a) All the terms contain the same power of jf with the

N

sum of their coefficlents vanishing.

1€3)) Three terms on the left hand side of (22) contain

the same power of Jﬁ with the sum of their coefficients vanishi




et

-

%while the coefficient of the fourth term vanishes.

Ce)

-Two terms contain the same pover of Jf with the sun
OFf thelr coefficients vanishing while the coefficients of the
O ther two terms vanish separately.

Terms paired two by two have same power of f’ with the

1 of their Coefficients vanishing.

{e) Coefficient of

each term vanishes separately. ’

The case (a) gives A{aﬂ/: 5/2 + TFor case (p), since

A/¢c> , the three terms which contain the same powvers mef
T

f=to

nvolve the first term and any two of the rest., Thls leads
+o the same conclusion as (a). The case (¢) leads to either of

the following possibilities (since A'S and B's are all nonzeroc:
o

(1) Al = *fj ; 27‘"=0 ; b—A'—u =0
(ii) /U/‘— % ) 2—/\1:_0 ) 4-)'—/1/——0 ’ ¢ .
(1i1) A= 2 S /Ul =2 5 A ’—r/u' =5

These three cases are to be ruled out as inconsistent. The

case (d) gives the possibilities

(i) 2= 24-3 2p'-3. = A3p-3
(11) 2 = 2u'-3 eA'-3 = Aap-3 .
(111) 2= Ahu'-2 ol -3 = 24'-3

!

All these lead to the same conclusion as (a) 1.e., /V—/a’ S5/a

Hence x/:/u’z ‘qﬁz ‘together with = = 4/3
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léade to theé restrictions on X, {9 given by (20) of Art.5.
Eqns. (13) and (13) together with (2) ahd (5) giving

the initial configuration are overdetermined and will presumab:

give further restrictions on the parameters. Baqn.(18) with the

first term equated to the third gives

3T (G-n6y) = —— - 7
B, 39
which gives
—/
C .

This will Dbe true if any one of the following holds:
(1) et N
(ii} M%«:ﬂ' ) X =o
(iv) X = o 5 p= ) .

U-P)/x
(v) .
ﬁ OC 7— 2 0(740 2 /5 74/ .

Cases (ii) and (ii1) are not considered here as they

make the first term in the right hand side of (10) vanish and

will be considered in Case: (o) of Article ©. Cazg (L)

~

is ruled out being inconsistent with 3o(+(5 = $/Lhof (20). Henc

ve conslder the cases (i) and (v).

Case (i) Putting /0 = constant in (2) and integratin
ve gel om x4/ 7 r3/° which we write as ™ = /1, 7" . Changing

the variable -~ in (13) to A with »n = X, »® and integrating
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.

- 3 ,
P = T3 (’ + G_‘-)—l)-’{lA\ + constant.
: 3( s

)
Nav)
&

)
+
o2
S
1N
u?

where F, and &, are constants.
Now egn.(18) with the first ®rm equated to the second

‘gives after using m-= Alm3 and (11},

hmacp 4
17/\‘LKAL* /sl'lo(}r_

Elimination of o between (24) and the above equation gives

3T (G-ney) < G éz)

) 2—A
— 4 (3-0& T ]""”Tz" (25)

P [ )T

vhere M= 81 A K 7‘!210/1(%’""%)/44 nacwhich is clearly non=zero.
Again Pﬁéo for otherwise egn.(25) would imply T=o which 1s
10t possible. Using arguments similar to those applied %o (Zé} :
and remembering that neither M nor Pl is zero, egn.(25) will
be an identity if

3-a=1 5 f(e-4y-M= K, = o0

& =0 glves from (24), T = Fra* and A=2 =
The restrictions on o(.,tﬁ’ etcs in the final form are
thus A=2 and )J:lu'z _—;z « These imply from (20) with m=4/3

and ?: )

o(:";)F:f 5/}.:—-

so that c = ¢ fl"’f' . k= kf;%__[_z. (26)
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(- /x
Taze (V) «— Heve =L T L heing & conegtant. This
7 .
zives from (35,
Q-p+« )/«
FP= RLT o
Lin(
01, egn.(13) cin be written &as

3 . kER AP
-— n T - po. M
( A dm B
{ l
diceh zgives on differenticetlcn withi rezpscel S0 m

".4_?_ _ &
NG A

rns o He B ey ey ogm T w p eyt o
SLUaCLOn CcEn ue

here
bl GA & . B- - 3A,« ol =P (25.2)
=+ 1 R -8 +1 &
B R (<=f+V B+y
/ L -8y
Clearly A,B and are 211 non=-zmero. Usling (&) and P=L T o
can.(18) with its first tern ecuated to the second can be
uritten &as
e
/ :

[ ol 2z no AT e

- + | -

w2 k(KT =) = QT ; (22.1)

Tey YT} -~ faR
A SV PR S 3

9 KA(,, (CP— ncv) L}L+

o
&8s

FEat n i |
i e

20

fp v

(29.2)

- A+3 ] =

DI
X

Lfa.c
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- Ca . .o
BElimineting &' T /d¢* from (28.1) and (29.1) and writing Cﬁ(

] 7
-n 4 2. 1

é(‘r) = ;'T[ATMIH—f-QT - BT,

Turther, &= @AT/dx)  gives from (28.1),

ml B
B-AT -2 T+
Elimination of 4 between the =

leads to

T

2(s-a7") 4E 2 )+ & (2Am T

g o f.® -L Lol
Substitution of the valuesg of 0(% /atT and o ] //(T”zrom (.
in the above equation gives

! Tmlnleg

! mi_nlri 2m
+~q1T 4+ 4T + e T

m 2 Al
a‘l T 'él T G )

*4=0 (31)
where V N

2 2
a‘ = AB (41'!’-(- Bn'—~2m’ +'m/+3)/2_n,z. 5 'ZI:' Ba (7"‘/’71,+7~)(€n’»2m11'U/2"17'

o

2 2 2 ,
= AT O = am S g ™ e Aa Sty

-

6, = “'QL(')"""}"/‘*1)[”,*2-‘7",)/4“'1 > f/: -‘Bl/“%"4_”"??{.g,mf)/é"";‘T

\J‘-.:«r\./p,gc.;ww\».'

The possibility & = & = ¢ =, =¢=f:=0for (31) to be

-an identity is ruled out for equations in (32), in view of

A, B, & #oy Wlll then impose too many restrictlons on » and

2
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B oy ! I

o Rtz e e T B e N o T o
Caer e 20 SE0A

7e Cozbinstions (II) and (IV) = ilere the egns. (13) and (O
o determine §@are overdeteruined. Csleulelting Affle T
(1%) &nd identifyinz it wish Shat in (13), we zet
1 2

Aw By A A) Byn(Bnea-pl) A By b-ATu EE
—— P — py bl — -0 iy
pam-a’ g fz"'“"‘“ leu'-i- 5-6n F Nl S b

those niven Tor (22) ond

. o e
PaTart ‘BL/. is :GTO’ “lfl-r-t( e,

- ‘l’l % gl im an 4 —'—...m~.—'. M
wiil ; Tollowing conditions I

j..) A':/‘(I:—'% o= % . AL+BL: “CA'LL-*'BLI-) /Z (Lg:':

Py { ‘ . L- = /3 . 2 = {0
ii) A =-5 9/*21)71—3 S5 Arz+hy g Bo=-Bu /2 Ve

F)
1
Jute
~./
>0
1"
Jo—
H\
)
o i—
o
1"
Gt

!..J
<
o’
>
»
I

AN

';_3
fa
~
(%) ]
S’
<
O

E.L».aue ("1’) nd (l?) tﬁg@.:ub: with (:_,) aj
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sécond gives oAdPfdm=-Ay fozn vidieh vith o= A,x gives on

- e Y

CQIPYRRE S
LNCeZradlion

-

K g R R PR, I L. PR | o~
wE4NE (o}, CIi@ &L0VEe eUUeviol ZLves

P& constant, =/ only need be considered (as we have hie

& howmogeneous distribution only). This case as in Art.5, lead

to A=2 &along with ﬂ=/ . °
Thus the net restrictions on «, /H etcs 1o Thelr

fingl forwm ere obteined by combining A=z /0:/ (a5 oWt

from mass distribubtlion) with the egns.(34.1) -~ (34.7) (as

cbtained from eguations to determine f(4&) ) as follous 3

. 1 .
+J XK=32 , pf=1 5 A=2 | u*=-2 ; xu

Wi

so that
) ) 3
. e = C, 7T - /6; > "
r Kep T (55.1)
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. Z = %
oLl g, pe 5 A=z pe-f 5 = G
so that U
4 A
é: C{D 7‘ ) K: Kf 7— £ i - &

2
1M1y =g, A=l A=z, u=-% 5 7= 3

- C/“GT s k= /</° a [e8.3)

. / - - 7
vioX=g L, A=l 5 A=z, m=-F 5 m=
so0 that , -3 L
- 2
C-Cprr ; k= Kp T 35 .5)
- .5. ) )

~/ o
¢=Cp3r 5 k= Kp T (25.7)
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A STIC) * v o P T T . | n /_" v im
Le Dellaviour ol JE WLLL agpend oL 4 ShLa -Bq
.
e R a e e IR RN " o
fne initiel motion 1s cne of expension il both /}4 od B, e
8= AR 7 £ 1 ‘t Y Bal aY '3“1-;':* e T T 1 “"",‘ o) Pl f"*'~7,; Tn A.
QS LULVE el LS 0Ohg 0L COoOnurECUTLOon LX S wil @l LG LV e o L/
- - . . 0 R ® ° g . “ EN PR a0 B ] b sl
Cuanfd ﬁll e oL O_ LJO{T.J.V& S..’L;:-;Ilf: e LNLTCLEL moTron Ll De2 one oL
B S R S y - 31 FRp A . de
COnUrac ool o @;’;LJQILS.LDIA &CCD..,'J. 5 o8 Ulle NEegCGLve t.lC— SIGLGY

s - A s ~ - IR S o~ . . Y LI
to determine f are overdeternined. In (13}, the second tern )

o
<

Since none of 4, | B, and A; is zero, the ahove equation will

ce an identity if either of the following holds:

2= 2)4+5-(n 5 AL+ B, - 431(311-2‘7\/):0

[
~
@
S

|
1N

tl

e
m
i
®
P
[N
-

4
-
n—l
P
p
$
~.
0%
[
s
(6]
-E—)
~
1}
&
N\
5
O
1
\]\
o
}‘.J
s B
[44]
o
l: .
P
"
Lo d
o
P
§
O
e

wnile case (i1} leads %o A’.—// end m=k/3 giving from (18)
otf/a(f = constant l.c., »(f/o({L =0 o ihls case, hovevar, ‘».:ill.
be discussed in Art.S(l).

Bons . (14) and (17) together with (2) and (8) ziving the

suretion belng overdebtermined will give further
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eqn.(17) gives )
/ 2 __ 3-A4 Jdr N /9
T= My S - (n* T = )+ N7
n (87.1)
vhere
2 A «
_ bhmaep” , _
M,= N = £ *(37.2)

&/ A ((’7,~nfv)/<7\;' A 3 33 (Q,_nc,,)

Clearly M,and A~N=£o . Elimination of ~ between (37.1) and

3-A 2—A -/5 i
7—‘—‘[(/?—4’\) Mz?zT *4{&,_(3-/\)/‘57-.;:4)\// J—O

Using argunents sinilesr to tho

N
(e
o9
}..!o
<
)
=
iy
o]
L
Ty
D)
[\]
et
-
e
ry
[0]
™
(w2
O
<
W

equation will be an identity if any one of the following condition

-

1, -
rolds:

2, B (7-22)+ N=o

!,.Jc

xd‘
) -
P
Iy

ey

i
W

|
Y

s
e
|
N

/9:: 2-A , A=2 , I= 21,73 (9-220) =N+ 417 Ry (3-2)=o

Thus the restrictions on a()ﬂ etc. in their finel fomm
eare obtained by combining (20) (as obtained from equations to .
determine f(£) ) with each of the above four cases as follows:

7 7
L — . = ~ £ A= + 2 .
2 P /5 = / 3 > ] 2.

1

< i) X

so that , 9

A , 3 % #
S (;F17“ > = ﬁ(f’ 7 (

o
Co
»

B
~t

1
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ii) O( = J = * __..7 '\ =/
= % , F = 2 ; /A: - z , A=
so that , B
L F
e= CFf I SRR e /(/0 (33.2)
£ e ® .5‘ s _ 3
(...‘. -i) o(: -6— , F =0 5 A ~ 2 , /(,L_ -3
so that
-'—S\ / ‘;2_ 2—
€= Cp& 5 k= P TT (36.3)
w. turns out to be H5 in esch case.
The form of f(© here is elso given by (21). .

.71.

9, Zero C&gess - The caces vhen some of the te
(10} venish sepsrately or simulteneously are now t&

efore ve drop the subscript zero.

-is in (8) or

ken up. As

-~

In (8}, AF/ At ena 4P /dm nay va nish separetely in
different casss but not simultenecusly for AF/dt- = Aolm =0 1azas
to m=0 which 1s impossible. ‘

In (10), ene or more of the quantities G-nen, € Tt
dﬁkm'(“ﬂa‘*/ég 473(/v°y vanishi but Af/dt =0 15 not possible
“or this means no motlon of the gas sphere. Again 7T = is
not possible for this means F=o which is absurd. It may be
noted that €=- means that energy generction is absent and
conseguently does not put any restrictions bn /ﬁ or 7 .

We will now consider the combinations of

cases arising out of (8) with those of (10). The

ry

. 9prwb:o and no other term vanishes is

in Art.l0.

cage where

separately
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(1). The term A F/ A on1y of (9) vanishes and no term of (10)

vapishes = In this case, eqn.(9) impliés n=44 and

b od7 _ ,
dnn’ T+ Gm =o (59)
Bon.(10) implies with n=45 )’7AL2- and
i ‘
JH(G-nc) 7 = A frac 4 477 (£0)
-G e VAR WA
vhere A =df/dé = constant. Eqns.{(39) and (£0) togzther with

(2) and (58) determining the initial distribution are determinate

and do not impose further restrictions on the parzmeters.
Thus the restrictions on «, ﬁ etc, in their final

form are given by AQ/ﬁ=z‘ vhich becomes on using (11),

,30(1#—1@:2 N 3/u+/\:-—2. (41.1)
il.e.
| P X a
e )

The motlon in this case 1ls uniform since 0064?: constant .

(2) . AP felr. =0 1in (8) - This means f = constant and

(8) leads to

Gm _ ps : oA F Ky )
=" 2 gns L (42.1)
g2 vl

3,
K, being a constant. The former implles » <X i.e.

/0 = constant. Now 7 = constant

and /0 =constant lead to

* 7 = constant from (5) so that (10) with €= (7>XTJ£ reduces to

/ =

0/:7[\ .7_—37147u/ 2'¢ -/
e/ (f-nes= G 7
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Since Pand 7 are constants, this eguation gives

(n—b“fn,_/a’

A 3n-2 ' |
—f:QJMtxf /; {?=watx/ (42 .

At At

Comparing the two values of d7/o¢fz’from (42.1) and (42.2}, e

b
nave

2(0(-/61)+/
2 (/~ﬁ)

giving the restriction on the parameters in their final form,

N =

(43}

The distribution is homogeneous in thils case and the

ges sphere is isothermal and the nature of motion is given by

whiiclhi has been discussed in Art.S.

o
e
o}
o
(o)
.
Fan
L
AN
L
Y]
LN

H
‘..h

rst egué&t

The wotion 1s not vibraltory in this case.

2 + '
(3). AF /> =0 5 (9) snd__%-7%=0_ 4in (10) R

Case (1), ean.(D) wis ¥ Me=0leads to eqn.(39) and =n= 43 vl

eqn. (10} with Go- n&y = leads to A ':/4 ! and

/éﬁ'zac_ 4
4 dT x4
(Sr #" 2Z) + cprfee (44)

v

Bone «(32) and (44) together with (2) and (5) determi
the initial configuration and they are determinate.
Thus the net restrictions on the parameters *2re gilve

- Rt

by 1’:/4’ with 7= 4/3 which with (11) can be written as
30(7‘—[9‘-—' — C.3/f'~+ )\): I ) [/Jog)

2

- /o X e /0 -
€—C(;3) - k:k(r—;/{r |

>, being arbitrary.

——
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This includes as & specizal céese L= pp= 7% =0 which

e 2 .
means € and K are constents. Bince o F/A4r =0, and - nc,
the equations to determine the initial configuration are the

so that eqn.(10) with G -n¢, =0 gives ¢ =0.

Thus in this case the distribution 1g homogeneous and

The nature of the motion is given by the first eguation of (42.

L d
2 /67rac 4 Ar? .
(3} . AF [ol>=0 i (8) and dw( 2T Zm )=0 v (10) - o]
with oy /e =0 gives (39) and »n= 44 . The second

condition gives from (10), with off /4t = constent,

/u’+ 2-3n = © * (48)

=/ ac 4
/o°(7_ﬁ: CanFtat | %«———hl’ gj—:\—:Wd: S 47)

Agn.(46) with =44 and (11} gives S

‘J_)O(f—ﬁ: 2. ) (48)
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The nmoti is

10 . Cege CP""YLC\) -0 - FAL TR

a ol O

for 1t leods To M= Ck/cu s the true adiehetic exponent. In €

-
PP N S i
& JJGU.L'__', LvoZEPO)

i A, B
£ S

Ty
)
N

2L
1 A ({6 ™ac hL)dLTL’)‘}' Iy
Ay Am U 3R O (323
it 2 pur I PO LD e - Y K]

Bons (82 ad (83) mey be combined with either (I) or (II), 1
TUDL »
=~ (3 ] ( AT P TP, | faCwi
Combinatione (I) end (V). In this cése euns«(12) end (52)

srmined end sive n= 4/3  , A=

P
(@]
=
=
Rl
Pud
o
P By
o
S—
o
H
@
o
<
[0}
B
ol
@
ek
D

oy 1 / ] [P T Qe T

&nd > = /A N A‘3 = BJ TELNECTOLVELY .
o U ) -~ v RPN ) P 4 A R e I - £y
FAFRACH .LiL.:.bj.Cil COLL -Lndr':s 1oL given uy \lu) E‘.ia(}d ku...'(.i)

minate and gives no restrlc
o the parameters.
O T ot g “t: Y o] - .t." 3 T R e e
hus the restrictions on ol {9 etc. in Chelr Iing
forin are glven Dby A= p 11th m=4/; éend Shese glve Irom (

. Ja -)-/3-4—3/*&-4—)\:0 - (54,
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e PR - s Tt g T Teen 2 g de o e B o -
L@ Lo OX Jf(f/ L8 OoLgalned OoF LAndensroving (12)
2
df 2 A s
——— S —_ —_— ﬁ Ty,

LI, T S e PR e Ya e ir et e o @ e

S :38_(_1;3: <l CONSLallY e &Q»L}.AQ 0D S0V S UIOET d_‘)c/o{fci'\{,’_‘ RoC valll
. -~ N NP 2 P P 1 T
cht L f « mence vibretion 1s not oogsibl

A ey s gy e PR
Tor tvo distinct valuss

.

ot e R s

REICR )L(S@,A,O).(é&:.

R
v
)
T
1]
I+

y N
>
§L
<
q‘“l

- L. KON DR S ° . R o " . . -

debarnine the initial configuretion are &lso overdeternined.

T - K3 P N ~ - A ,.,:J. v ” . o . RPN 5

L8re 5«150 a8 1N ATCe 4 ] S0l e ( "'.::) ,;’,_L"-k"e::i f = COLSGanTe o Lo.ﬂ.'

-~ (el PR S M IN UUR. S 4 - o~ . PR . .. —n -

Shile (D) = osubagticution of | oYl (do) LI (du) HAVES o
A .
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. ' . 2 o(+/u
vhere Ny= 27 ¢ A K?P gymae viich 1g clearly non-zero.

- =Lk S B L TR JEF- ISR U S k] s s -~ s L S ot - .
20n.(87) will be an 1dentity if any one of the [ollowing condlil
et T e e
PR Ba ay3 f
: .
L - - - — Ly
1 P_:i-/\ , Q,=0 , N + P _(18~4M=o (52.1)

Com Tt 8 g T Ty R A N e { = e B vomm g ot -
s Coealdliedq oy COLLZLnLLE A :./L{ (= OOVoliined Lroa ejuavions

LI P . FRCIN IS ;o A PR, S ot e S K3 ~
deternining J[ ) with any one of (58.1) and (88.Z). Using (11},

(aEllas’)
3 (

()]
&0
*

‘,.,.I
-

c-cf P ke kgt et

end (58.2) imply

- g ' A= j . n = .—.————ﬁ——-‘0+3( el (o 1Y
2 3 by D) L Vael)

The form of f(é) is given by (15). Egn.(l4) shows

thet B <o (o Bl=—6sm/n,3) and A, will be o o

2
eccording as AP [dm is Cor >o « In a stellar

,.

srezaure decreases howards the surfece and hence
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Ae, Jdm <o put Al fam >o is

)

vle in & zas. sphere. The

AP, [dm Lo (4.2 AL >e) _ Ton.(15) in this case can be

f
vhere C,=-B, >0, & =A/B o . Pubtting

m 2 e 2 2 3 2
This zives on integration,

JE 2 2 2 7 J P
Z—;) = (PFWL E T s §3”’3> o

F bveing 2 constant. The character of motion determined by

(84) has been investizated by Pal and Bandyopadhyay /[ & _/
hezed on the following consideration: .

Tor vibration the conditions-are
(1) A’g / &k  and therefore the right hand side of (&4) should
vanigh for two values of % s ViZe, %l >1 ana &, <|

s gt .
S(2) The value of & §/dt* must be negative for &=% , and

]

positive for %‘ 5,

&

-

(3) The time teken in passing from éi to §L__ should be

< Tinite. This will be ensured provided the vo “"s, §r and E
LA
e —— @ .
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conclude that the gas sphnere will vibrate if .n > g/gand thie

.y [P . - K K. o4 ade® e P N 1y o e g LI A
constant [ appearing in (84) satisfies the ineguality

-

Ho physical interpretation of this inegus
Pal and Bandyopadlyay. A simple interpretabl
be given. Using (32), (84) and f@vz |, F can be expresse
in terms of QXLA%,l , the initial value of df/dt as follous
" - |
2(3n-3 + D A5\ 4-3n
F '-) —_ .__Qc_ . C«ﬂ')
L At
30-1) (-2, )42 °

Hence in our present case the above ineguallty becomnes

It

2('511 3-\-:0)

0 { ——= )(I) < 2Crt (o) (85)

3(n-y

Thus the above inequality on F  implies that
value of the initial velocity lies within the liniWgiven by
6

LI 5
2 (3n-2+D,) L -3m T hoan
_ T ZF(-D) T 20nW) e 5 20n-3£D)
3 (1-) )= Ser < %) < :

It may be remarked that (61) hos also been obtained by
Following —
Bhatnagar / 3 Zﬁ Bhatnagar and Xothari ,/ & _/. This was

L)

heat exchange. Thélr

]

Obtained by them without considering

nvestigations are related to anharmonic pulsations o

|
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under adiabatic conditions following the Darwin lecture vy
Hosseland [ 7 _/. Cur present investigetion shows that the
tyne of anhermonic pulsation of a homogeneous gas sphere
considered by the previous aulthors 1s possible even with Dbeatl

exchaenge undsr sulteble lavws Tor o]

|
|

where Blz-—cz o 5 D, = A""/Bz 7o ’

| )
Putilng f(bs= §C£)/(3>1)275n ;=G /(33)‘“3" , eqn.(83) becomnes

l

P

o2 ]

il—-—g_ = - {J - In-2> + 2

It 2 | § $
§>o s A’ /M> can never vanish for any value

of ;'5 and hence 4§/dt can not vanish for two values of %

Thus vibration is not possible in this cese.

11. Concluslions. - The investigation enahles us to have L}

guestion in a form more precise then what we had at the beginni

and hence before writing the convlusions we restate our guestic

1

& more precise form, "Do there exist suitable values of «,

b

in

A, My 6‘10 owd < (which are characteristics of the .
pliveical system) for which given suitaeble initial distribution
and initial radial velocity, a motion of the required type

(i.e. homologous and polytropic) is possible ? If so what are
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the restrictions on the abovementioned parameters and the nature
of the initial distributions and also the values'of h in these
cases T " It may be noted tﬁaf the initial configuration and
velocity together with Qertéiﬂ given values of ol F etcs
determine the motion altogether i.e. determine n  and the
form of f(b).

In ansvwering the guestion, all logically possible cases
have been considered. A model having a distribution expanding
upto infinity has been included and only cases like "téé or £=
have been ruled out. The initial configuration has been consid-
ered as determinate when the number of variables equalg the
number of eguations. The exact nature of the initial configura-
tion has been exanined only under very obvious circumstances
(cegey when it is homogeneous)? The nature of §&) has been

m

cometimes studied in deteils. The general nature (vibratory,

0%

exoending o a limit or to infinity) of the motion has been

obtained in most of the cases and in explicit forms in some
‘ .
cases.

Our conclusion is that the reguired type of motion 1is

possible if any one of the set of conditions holds as tabulated

. feu
in nextApagey
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